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Control Systems - Introduction

A control system is a system, which providesthedesiredresponse by controlling the output.
The following figure shows the simple block diagram of a control system.

Input Control Output
System

Here, the control system is represented by a single block. Since, the output is
controlled by varying input, the control system got this name. We will vary this input
with some mechanism. In the next section on open loop and closed loop control
systems, we will study in detail about the blocks inside the control system and how
to vary this input in order to get the desired response.

Examples — Traffic lights control system, washing machine

Traffic lights control system is an example of control system. Here, a sequence of
input signal is applied to this control system and the output is one of the three lights that
will be on for some duration of time. During this time, the other two lights will be off.
Based on the traffic study at a particular junction, the on and off times of the lights can
be determined. Accordingly, the input signal controls the output. So, the traffic lights
control system operates on time basis.

Classification of Control Systems
Based onsome parameters, we can classify the control systemsinto the following ways.

Continuous time and Discrete-time Control Systems

g Control Systems canbeclassified as continuous time controlsystemsanddiscrete time control systems based on
thetype of the signalused.

0 In continuous time control systems, all the signals are continuous in time. But, in discrete time control systems,
thereexists one or morediscretetime signals.

SISO and MIMO Control Systems

g Control Systemscan be classifiedasSISOcontrol systems and MIMO control systems based on the number of inputs

and outputspresent.

O SISO (Single Input and Single Output) control systems have one input and one output. Whereas, MIMO (Multiple

Inputs andMultiple Outputs) controlsystems havemore than one input and more than one output.

Open Loop and Closed Loop Control Systems

Control Systemscanbe classifiedasopenloopcontrolsystems and closed loop control systems

based on the feedback path.




In open loop control systems, output is not fed-back to the input. So, the control action i
independent of the desired output.

The following figure shows the block diagram of the open loop control system.

Actuating
Input Signal Output
i—r Controller »f Plant |

Here, an input is applied to a controller and it produces an actuating signal or controlling
signal. This signal is given as an input to a plant or process which is to be controlled. So,
the plant produces an output, which is controlled. The traffic lights control system which
we discussed earlier is an example of an open loop control system.

In closed loop control systems, output is fed back to the input. So, the control action is
dependent on the desired output.

The following figure shows the block diagram of negative feedback closed loop control
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The error detector produces an error signal, which is the difference between the input
and the feedback signal. This feedback signal is obtained from the block (feedback
elements) by considering the output of the overall system as an input to this block.
Instead of the direct input, the error signal is applied as an input to a controller.

So, the controller produces an actuating signal which controls the plant. In this

combination, the
PIAPLL of the control system is adjusted automatically till we get the desired response.

the closed loop control systems are also called the automatic control systems. Traffic

lights
control system hGXL’EQ_%JE%%QFé{}‘SeiME’Ut is an exaremgegf_gogpo%%lIg%qeggntrol system.

The differences between the open loop and the closed loop control systems are

. Control action is independent of the desired outpuControl action is dependent of the desired
mentioned in the outpu.

following table.




Feedback path is not present. Feedback path is present.

These are also called as non-feedback control These are also called as feedback control

systems. systems.

Easy to design. Difficult to design.
These are economical. These are costlier.
Inaccurate. Accurate.

Control Systems - Feedback

If either the output or some part of the outputis returnedto theinput side and utilized as part of
the system input, then it is known as feedback. Feedback plays an important role in
order to improve the performance of the control systems. In this chapter, let us
discuss the types of feedback & effects of feedback.

Types of Feedback

There are two types of feedback -

O Positive feedback
O Negative feedback

Positive Feedback
The positive feedback adds the reference input, R(s) and feedback output. The following figur¢
shows the block diagram of positive feedback control system.

C(s}

R(s) +

G

+

The concept of transfer function will be discussed in later chapters. For the time being, conside
the transfer function of positive feedback control system is,

_ _ G :
P o (Equation 1)

Where,

g Tis the transfer function or overall gain of positive feedback control system.

O G isthe open loop gain, which is function of frequency.




O His the gain of feedback path, which is function of frequency.

Negative Feedback

Negative feedbackreduces the error between the reference input, R(s) and system output. The
following figure shows the block diagram of the negative feedback control system.
R{s) 4 c(s)

=

Transfer function of negative feedback control system is,

_ _ G :
o M= e (Equation 2)

Where,
g Tis the transfer function or overall gain of negative feedback control system.
O G isthe open loop gain, which is function of frequency.

g His the gain of feedback path, which is function of frequency.

The derivation of the above transfer function is present in later chapters.

Effects of Feedback

Let usnowunderstandthe effectsof feedback.

Effect of Feedback on Overall Gain

g From Equation 2, we can say that the overall gain of negative feedback closed loop control system is the ratio of 'G'
and (1+GH). So, the overall gain may increase or decrease depending on the value of (1+GH).

O [fthe value of (1+GH) is less than 1, then the overall gain increases. In this case, 'GH' value is negative because the
gain of the feedback path is negative.

O !fthe value of (1+GH) is greater than 1, then the overall gain decreases. In this case, 'GH' value is positive because thef
gain of the feedback path is positive.

In general, 'G' and 'H" are functions of frequency. So, the feedback will increase the overall gain
of the system in one frequency range and decrease in the other frequency range.

Effect of Feedback on Sensitivity
Sensitivity of the overall gain of negative feedback closed loop control system (T) to the
variation in open loop gain (G) is defined as

ar

ST _ 7 __ Percentage change in T
A

= Equation 3
a5 Percentage change in G (Eq 3)
o

Where, 0T is the incremental change in T due to incremental change in G.




We can rewrite Equation 3 as

Sg — %% (Equation 4)

Do partial differentiation with respect to G on both sides of Equation 2.

ar L(L) s BREELT GRR) o (Equation 5)

8G — G \ 1+GH (1+GHY}  (1+GH)

From Equation 2, you will get

f‘%’_ =14+GH (Equation 6)
Substitute Equation 5 and Equation 6 in Equation 4.

1 1
ST=—————(1+GH) = ———
= mreap " en

So, we got the sensitivity of the overall gain of closed loop control system as the reciprocal ¢
(1+GH). So, Sensitivity may increase or decrease depending on the value of (1+GH).

g !fthe value of (1+GH) is lessthanl, thensensitivityincreases.In this case,'GH'valueis negativebecausethe gainof
feedback path is negative.

O !fthe value of (1+GH) is greater than 1, then sensitivity decreases. In this case, 'GH' value is positive because the gaify

of feedback path ispositive.
In general, 'G' and 'H' are functions of frequency. So, feedback will increase the sensitivity of
the system gain in one frequency range and decrease in the other frequency range. Therefoj
we have to choose the values of 'GH' in such a way that the system is insensitive or less
sensitive to parameter variations.

Effect of Feedback on Stability

0 A system is said to be stable, if its output is under control. Otherwise, it is said to be unstable.

(@D}

g !nEquation 2, if the denominator value is zero (i.e., GH = -1), then the output of the control system will be infinite. So,
thecontrol system becomes unstable.

Therefore, we have to properly choose the feedback in order to make the control system stable

Effect of Feedback on Noise

To know the effect of feedback on noise, let us compare the transfer function relations with and{
without feedback due to noise signal alone.

Consider an open loop control system with noise signal as shown below.




N(s)

R(s) C(s)

.}-

The open loop transfer function due to noise signal alone is

Cls) _
Nigg O

(Equation 7)

It is obtained by making the other input R(s) equal to zero.
Consider a closed loop control system with noise signal as shown below.

N(s)

+
R(s) + e . c(
+

v

The closed loop transfer function due to noise signal alone is

Cls) [ah
N(s)  1+G.GH

(Equation 8)

It is obtained by making the other input R(s) equal to zero.
Compare Equation 7 and Equation 8,

In the closed loop control system, the gain due to noise signal is decreased by a factor
of (1+GaGbH) provided that the term (1+GaGbH) is greater than one.

CONTROLSYSTEMS - MATHEMATICALMODELS

The control systems can be represented with a set of mathematical equations known
as mathematical model. These models are useful for analysis and design of control systen(g
Analysis of control system means finding the output when we know the input and mathematicaj
model. Design of control system means finding the mathematical model when we know the
input and the output.

The following mathematical models are mostly used.

g Differential equation model

O Transfer function model




O State space model

Let usdiscussthefirst two models in this chapter.

Differential Equation Model

Differential equation model is a time domain mathematical model of control systems. Follow
these steps for differential equation model.

O Apply basic laws to the given control system.
O Get the differential equation in terms of input and output by eliminating the intermediate variable(s).

Example

Consider the following electrical system as shown in the following figure. This circuit
consists of resistor, inductor and capacitor. All these electrical elements are connected

in series. The input voltage applied to this circuit is vi and the voltage across the
capacitor is the output voltage vo.

1 R L
— MWA—E
4 +
Vi Vo — C

Mesh equation for this circuit is

di
v, =Ri4+L—+7v
[ dt 0
Substitute, the current passing through capacitor i:c(t;:’ in the above
equation.
dv d®v
e TR Do R T gy
d dt?

_\_&dzvo_'_ R\ dvu, 1 ol 1
EarTal W e Wl ol G

The above equation is a second order differential equation.




Transfer Function Model

Transfer function model is an s-domain mathematical model of control systems. The
Transfer function of a Linear Time Invariant (LTI) system is defined as the ratio of
Laplace transform of output and Laplace transform of input by assuming all the initial
conditions are zero.

If x(t) and y(t) are the input and output of an LTI system, then the corresponding

Laplace

transforms are X(s) and Y(s).
Therefore, the transfer function of LTI system is equal to the ratio of Y(s) and X(s).

i.e.,TransferFunction;{S)/X(s) Y(s)
The transfer functioa—medelﬂ—av{ LTI sy%i(é(%s shong figure.

Here, we represented an LTI system with a block having transfer function inside it. And this
block has an input X(s) & output Y(s).

MODELLING OF MECHANICAL SYSTEMS

In this chapter, let us discuss the differential equation modeling of mechanical systems. Thel
are two types of mechanical systems based on the type of motion.

O Translational mechanical systems

0 Rotational mechanical systems

Modeling of Translational Mechanical Systems
Translational mechanical systems move along a straight line. These systems mainly consist [p
three basic elements. Those are mass, spring and dashpot or damper.
If a force is applied to a translational mechanical system, then it is opposed by opposing force

due to mass, elasticity and friction of the system. Since the applied force and the opposing
forces are in opposite directions, the algebraic sum of the forces acting on the system is zerq
Let us now see the force opposed by these three elements individually.

Mass

Mass is the property of a body, which stores kinetic energy. If a force is applied on a body
having mass M, then it is opposed by an opposing force due to mass. This opposing force i
proportional to the acceleration of the body. Assume elasticity and friction are negligible.




F & & & £ X FE

Fmaa

=Fm=Ma=Md2x/

dt2 F=Fm=Md2/xdt2

Where,

Fis the appliedforce

Fm is the opposing force due to mass

M is mass

a is acceleration

O O o O

g Xis displacement

Spring
Spring is an element, which stores potential energy. If a force is applied on spring K,

then it is opposed by an opposing force due to elasticity of spring. This opposing force is
proportional to the displacement of the spring. Assume mass and friction are negligible.

K }_"

F

Fax
=>Fk=Kx
F=Fk=K
X

Where, _
g Fisthe applied force

O Fk is the opposing force due to elasticity of spring
O K is spring constant

g x is displacement

Dashpot




If a force is applied on dashpot B, then it is opposed by an opposing force due to
friction of the dashpot. This opposing force is proportional to the velocity of the body.
Assume mass and elasticity are negligible.

— x

| z
1 > F

o T T

Fbav

= Fb=Bv=Bdx/
dt F=Fb=Bdx/dt
Where,

Fis the opposing force due to friction of dashpot
B is the frictional coefficient

v is velocity

O O O O

x is displacement

Modeling of Rotational Mechanical Systems

Rotational mechanical systems move about a fixed axis. These systems mainly consist of thrg
basic elements. Those are moment of inertia, torsional spring and dashpot.

If a torque is applied to a rotational mechanical system, then it is opposed by opposing torqusg
due to moment of inertia, elasticity and friction of the system. Since the applied torque and the

opposing torques are in opposite directions, the algebraic sum of torques acting on the system|§

zero. Let us now see the torque opposed by these three elements individually.

Moment of Inertia

In translational mechanical system, mass stores kinetic energy. Similarly, in rotational
mechanical system, moment of inertia stores kinetic energy.

If a torque is applied on a body having moment of inertia J, then it is opposed by an opposing
torque due to the moment of inertia. This opposing torque is proportional to angular
acceleration of the body. Assume elasticity and friction are negligible.

o7




Tjaa

= Tj=Ja=Jd2/6dt2

T=Tj=Jd2/6dt2

Where,
g Tis the applied torque
O Tj is the opposing torque due to moment of inertia
O J is moment of inertia

g o is angular acceleration

O ©isangular displacement

Torsional Spring

In translational mechanical system, spring stores potential energy. Similarly, in rotational
mechanical system, torsional spring stores potential energy.

If a torque is applied on torsional spring K, then it is opposed by an opposing torque due to th§

elasticity of torsional spring. This opposing torque is proportional to the angular displacement
of the torsional spring. Assume that the moment of inertia and friction are negligible.

Tkaf
=>Tk=K
e}
T=Tk=K
6 . .
WhgreT'S the applied torque
O Tk is the opposing torque due to elasticity of torsional spring

O Kis the torsional spring constant




O ©isangular displacement

Dashpot

Ifa torque is applied on dashpot B, then it is opposed by an opposing torque due to
the rotational friction of the dashpot. This opposing torque is proportional to the angular
velocity of the body. Assume the moment of inertia and elasticity are negligible.

| &
]

Thbaw

= Tb=Bw=Bdodt
T=Tb=Bd&dt
Where,

N Y
A
T o

O Tb is the opposing torque due to the rotational friction of the dashpot
O B is the rotational friction coefficient
g @ is the angular velocity

0 0 is the angular displacement

Electrical Analogies of Mechanical Systems

Two systems are said to be analogous to each other if the following two conditions are
satisfied.

O The two systems are physically different

g Differential equation modelling of these two systems are same

Electrical systems andmechanical systemsare twophysically different systems. There are two
types of electrical analogies of translational mechanical systems. Those are force voltag¢
analogy and force current analogy.

Force Voltage Analogy

In force voltage analogy, the mathematical equations of translational mechanical system are
compared with mesh equations of the electrical system.

Consider the following translational mechanical system as shown in the following figure.




i &
The force balanced equation for this system is F=Fm+Fb+Fk

=F=Md2xdt2+Bdxdt+Kx (Equation 1)
Consider the following electrical system as shown in the following figure. This circuit

consists

of a resistor, an inductor and a capacitor. All these electrical elements are connected in
a series.

The input voltage applied to this circuit is V volts and the current flowing through the
circuit
is i Amps. i

Mesh equation for this circuit is V=Ri+Ldidt+1cfidt (Equation 2)
Substitute, i=dqdt in Equation 2.
V=Rdqdt+Ld2qdt2+qC

(Zéqvﬁéﬂ%%ngerqu(lC)q

By comparing Equation 1 and Equation 3, we will get the analogous quantities

of the

{F]aer%séational mechanical system and electrical system. The following table shows
Translational Mechanical System Electrical System
analogous quantities.

Force(F) Voltage(V)
Mass(M) Inductance(L)
Frictional Coefficient(B) Resistance(R)

Spring Constant(K) Reciprocal of Capacitancéq)




Displacement(x) Charge(q)
Velocity(v) Current(i)

Similarly, there is torque voltage analogy for rotational mechanical systems. Let us now discuss
about this analogy.

Torque Voltage Analogy

In this analogy, the mathematical equations of rotational mechanical system are comparef
with mesh equations of the electrical system.

Rotational mechanical system is shown in the following figure.

=
T 6

B—»

The torque balanced equation is

T=Tj+Tb+Tk
=T=Jd26dt2+Bd6odt+k6 (Equation 4)
By comparing Equation 4 and Equation 3, we will get the analogous quantities of rotational
mechanical system and electrical system. The following table shows these analogous quantitiey.

Rotational Mechanical System Electrical System
Torque(T) Voltage(V)
Moment of Inertia(J) Inductance(L)
Rotational friction coefficient(B) Resistance(R)
Torsional spring constant(K) Reciprocal of Capacitancéd)
Angular Displacement(0) Charge(q)
Angular Velocity(w) Current(i)

Force Current Analogy




In force current analogy, the mathematical equations of the translational mechanical
system are compared with the nodal equations of the electrical system.

Consider the following electrical system as

consists

shown in the following figure. This circuit

%n%E?&H gource, resistor, inductor %nd capacitor. All these electrical elements are

parallel.
(‘D i g R L —E
The nodal equation is
g == % — Ii fVdt+ C% (Equation 5)
Substitute, V = % in Equation 5.
1 d¥ 1 d*w
i=——+ | = P4+ 00—
R dt L dt?
.45 E 1y d¥ 1 2
=i=0C tdcg e {ﬁ) {{? + (T) W (Equation 6)

By comparing Equation 1 and Equation
of the translational mechanical system
table shows these analogous quantities.

Translational Mechanical System
Force(F)
Mass(M)
Frictional coefficient(B)

Spring constant(K)

Displacement(x)

6, we will get the analogous quantities
and electrical system. The following

Electrical System
Current(i)
Capacitance(C)
Reciprocal of Resistanaée)

Reciprocal of Inductance)

Magnetic Flux()




Velocity(v) Voltage(V)

Similarly, there is a torque current analogy for rotational mechanical systems. Let us now
discuss this analogy.

Torque Current Analogy

In this analogy, the mathematical equations of the rotational mechanical system are compare
with the nodal mesh equations of the electrical system.

-y

By comparing Equation 4 and Equation 6, we will get the analogous quantities of rotational
mechanical system and electrical system. The following table shows these analogous quantities

Rotational Mechanical System Electrical System
Torque(T) Current(i)
Moment of inertia(J) Capacitance(C)
Rotational friction coefficient(B) Reciprocal of Resistanaé)
Torsional spring constant(K) Reciprocal of Inductancg]
Angular displacement(8) Magnetic flux(y)
Angular velocity(w) Voltage(V)

In this chapter, we discussed the electrical analogies of the mechanical systems. These

analogies are helpful to study and analyze the non-electrical system like mechanical
system from analogous electrical system.

CONTROLSYSTEMS - BLOCKDIAGRAMS

Block diagrams consist of a single block or a combination of blocks. These are used to
represent the control systems in pictorial form.

Basic Elements of Block Diagram




The basic elements of a block diagram are a block, the summing point and the take-off
point. Let us consider the block diagram of a closed loop control system as shown in
the following figure to identify these elements.

Summing point

Take-off point

R(s) +

H(s)

The above block diagram consists of two blocks having transfer functions G(s) and
H(s). It is also having one summing point and one take-off point. Arrows indicate the
direction of the flow of signals. Let us now discuss these elements one by one.

Block

The transfer function of a component is represented by a block. Block has single input and
single output.

The following figure shows a block having input X(s), output Y(s) and the transfer function
G(s).

X(s) Y(s)
—| G(s) }—

Transfer Function,G(s)=Y(s)X(s)
=Y(s)=G(s)X(s)
Output of the block is obtained by multiplying transfer function of the block with input.

Summing Point

The summing point is represented with a circle having cross (X) inside it. It has two or
more

inputs and single output. It produces the algebraic sum of the inputs. It also

performs the

ts)umnaation or subtraction or combination of summation and subtraction of the inputs
ased on

the polarity of the inputs. Let us see these three operations one by one.

The following figure shows the summing point with two inputs (A, B) and one output

().

guet%am’th; inputs A and B have a positive sign. So, the summing point produces the

assumof AandB.ie..Y = A+ B.




The following figure shows the summing point with two inputs (A, B) and one output
(Y). Here, the inputs A and B are having opposite signs, i.e., A is having positive sign
and B is having negative sign. So, the summing point produces the output Y as the
difference of A and B.

Y=A+(-B)=A-B.

The following figure shows the summing point with three inputs (A, B, C) and one output
(Y). Here, the inputs A and B are having positive signs and C is having a negative sign.
So, the summing point produces the output Y as

Y=A+B+(-C)=A+B-C.

Take-off Point

The take-off point is a point from which the same input signal can be passed through more thﬂ]
one branch. That means with the help of take-off point, we can apply the same input to one
more blocks, summing points.

In the following figure, the take-off point is used to connect the same input, R(s) to two more
blocks.




| Take-off point
R(s) 1 Ca(s)

Ga(s) >

c,(s)
Gls(s) —

hJ

C.(s)
¥ G(s)

In the following figure, the take-off point is used to connect the output C(s), as one of the inputs
to the summing point.

Take-off point

R(s) + G(s) C(s)

ControlSystems - BlockDiagramAlgebra

Block diagram algebra is nothing but the algebra involved with the basic elements of the block
diagram. This algebra deals with the pictorial representation of algebraic equations.

Basic Connections for Blocks

There are three basic types of connections between two blocks.

Series Connection

Series connection is also called cascade connection. In the following figure, two blocks having
transfer functions G1(s) and G2(s) are connected in series.

X(s) Z(s) Y(s)
_ G, (s) G,(s) pP——»

) 4

For this combination, we will get the output Y(s) as

Y(s)=G2(s)Z(s)

Where, Z(s)=G1(s)X(s)

=Y(S)=G2(S)[GL(S)X(S)]|=G1(s)G2(s)X(S)

=Y(s)={G1(s)G2(s)}X(s)

Compare this equation with the standard form of the output equation, Y(s)=G(S)X(S).
Where, G(s)=G1(s)G2(s).




That means we can represent the series connection of two blocks with a single
block. The transfer function of this single block is the product of the transfer
functions of those two blocks. The equivalent block diagram is shown below.

X(s) Y(s)
—  Gi(5)G2(s) p——>»

Similarly, you can represent series connection of ‘n’ blocks with a single block. The transfer
function of this single block is the product of the transfer functions of all those ‘n’ blocks.

Parallel Connection

The blocks which are connected in parallel will have the same input. In the following figure,
two blocks having transfer functions G1(s) and G2(s) are connected in parallel. The outputs ¢f
these two blocks are connected to the summing point.

¥1(5)

el Gi(s)

v

+ Y(s)

4=

Ga(s)

L J

¥a(s)

For this combination, we will get the output Y(s) as Y(s)=Y1(s)+Y2(s) Where,
Y1(s)=G1(s)X(s) and Y2(s)=G2(s)X(s) =Y(S)=G1(s)X(s)+G2(s)X(s)={G1(s)+G2(s)}X(s)
Compare this equation with the standard form of the output equation, Y(s)=G(s)X(s).
Where, G(s)=G1(s)+G2(s). That means we can represent the parallel connection of two
blocks with a single block. The transfer function of this single block is the sum of the
transfer functions of those two blocks. The equivalent block diagram is shown below.

X(s) Y(s)
— Gi(5)+ G2 (5) ——>

Similarly, you can represent parallel connection of ‘n’ blocks with a single block. The transfer
function of this single block is the algebraic sum of the transfer functions of all those ‘n’ blocks.

Feedback Connection

As we discussed in previous chapters, there are two types of feedback — positive feedback aff
negative feedback. The following figure shows negative feedback control system. Here, twdg
blocks having transfer functions G(s) and H(s) form a closed loop.




The output of the summing point is

E(s)=X(s)-H(s)Y(s)

The output Y(s) is - Y(s)=E(s)G(s)
Substitute E(s) value in the above equation.
Y(s)={X(s)~-H(s)Y(s)}G(s)}
Y(SHL+G(s)H(s)}=X(s)G(s)}
=Y(S)X(S)=G(S)1+G(S)H(s)
Therefore, the negative feedback closed loop transfer function is G(s)1+G(s)H(s)
This means we can represent the negative feedback connection of two blocks with a singlg
block. The transfer function of this single block is the closed loop transfer function of the
negative feedback. The equivalent block diagram is shown below.

X(s) 6(s) Y(s)
1+ G(s)H(s)

Similarly, you can represent the positive feedback connection of two blocks with a single
block. The transfer function of this single block is the closed loop transfer function of the
positive feedback, i.e., G(S)1-G(S)H(s)

Block Diagram Algebra for Summing Points
There are two possibilities of shifting summing points with respect to blocks

g Shifting summing point after the block
0 Shifting summing point beforetheblock
Let us now see what kind of arrangements need to be done in the above two cases one by one

Shifting Summing Point After the Block

Consider the block diagram shown in the following figure. Here, the summing point is present
before the block.

R(s) + R(s)+X(s) Y(s)
‘_-ﬁi)—‘ als] |——t
J

X(s)

Summing point has two inputs R(s) and X(s). The output of it is {R(s)+X(s)}.




So, the input to the block G(s) is {R(s)+X(s)} and the output of it is —

Y(s)=G(sH{R(s)*+X(s)}

=Y(S)=G(s)R(s)+G(s)X(s) (Equation 1)

Now, shift the summing point after the block. This block diagram is shown in the following
figure.

R(s) G(s)R(s) + Y(s)
— G(s) 3 P

-

X(s)

Output of the block G(s) is G(S)R(S).
The output of the summing point is
Y(s)=G(s)R(s)+X(s) (Equation 2)
Compare Equation 1 and Equation 2.
The first term ‘G(S)R(S)' is same in both the equations. But, there is difference in the secong

term. In order to get the second term also same, we require one more block G(s). It is having tHg
input X(s) and the output of this block is given as input to summing point instead of X(s). This
block diagram is shown in the following figure.

iz
R(s) - G(s)R(s) X Y(s?:
_I_
G(s)X(s)
G(s)
X(s)

Shifting Summing Point Before the Block

Consider the block diagram shown in the following figure. Here, the summing point is present
after the block.

R(s) G(s)R(s) + Y(s)
—» G(s) £ >

-

X(s)




Output of this block diagram is -

Y(s)=G(s)R(s)+X(s) (Equation 3)
Now, shift the summing point before the block. This block diagram is shown in the following
figure.

R R(s)+X
(s) "]% (s)+X(s) IW‘ ¥(s)
4 L

X(s)

Output of this block diagram is -

Y(S)=G(S)R(s)+G(s)X(s) (Equation 4)
Compare Equation 3 and Equation 4,
The first term ‘G(s)R(S)’ is same in both equations. But, there is difference in the second term|

In order to get the second term also same, we require one more block 1G(s). It is having the

input X(s) and the output of this block is given as input to summing point instead of X(s). Thig
block diagram is shown in the following figure.

+pon B+ 55 %)
R(s) K r J sis) Y(sz
_|_

&
6(s)

T

X(s)

Block Diagram Algebra for Take-off Points
There are two possibilities of shifting the take-off points with respect to blocks -

O Shifting take-off point after the block
O Shifting take-off point beforetheblock
Let us now see what kind of arrangements are to be done in the above two cases, one by one.

Shifting Take-off Point After the Block

Consider the block diagram shown in the following figure. In this case, the take-off point is
present before the block.

R(s) l 6(s) Y(s)

X(s)

v

Here, X(s)=R(s) and Y(S)=G(S)R(S)




When you shift the take-off point after the block, the output Y(s) will be same. But,
there is difference in X(s) value. So, in order to get the same X(s) value, we require
one more block 1G(s). It is having the input Y(s) and the output is X(s). This block
diagram is shown in the following figure.

R(s) Y(s)
—| G(s) B
1
G(s)
X(s)

Shifting Take-off Point Before the Block

Consider the block diagram shown in the following figure. Here, the take-off point is present
after the block.

Y(s)
a'/ I —

™

X(s)

L 4

Here, X(s)=Y(s)=G(s)R(s) When you shift the take-off point before the block, the output
Y(s) will be same. But, there is difference in X(s) value. So, in order to get same X(s)
value, we require one more block G(s). It is having the input R(s) and the output is X(s).
This block diagram is shown in the following figure.

R(s) | &(s) Y(s)
G(s)
X(s)

ControlSystems - BlockDiagramReduction

The concepts discussed in the previous chapter are helpful for reducing (simplifying) the blocK
diagrams.

Block Diagram Reduction Rules




Follow these rules for simplifying (reducing) the block diagram, which is having many blocks,
summing points and take-off points.

Rule 1 - Check for the blocks connected in seriesand simplify.
Rule 2 - Check for the blocks connected in parallel and simplify. Rule 3 — Check
for the blocks connected in feedback loop and simplify. Rule 4 - If there is

difficulty with take-off point while simplifying, shift it towards right. Rule 5 — If there

O O O O O

is difficulty with summing point while simplifying, shift it towards left.

0 Rule 6 - Repeat the abovestepstillyouget thesimplifiedform,i.e., single block.
Note - The transfer function present in this single block is the transfer function of the overall
block diagram.

Example

Consider the block diagram shown in the following figure. Let us simplify (reduce) this block
diagram using the block diagram reduction rules.

Step 1 - Use Rule 1 for blocks G1 and G2. Use Rule 2 for blocks G3 and G4. The modifie@}
block diagram is shown in the following figure.

H;je

G+ Gy

Y(s)

[H,}

2 [

Step 2 - Use Rule 3 for blocks G1G2 and H1. Use Rule 4 for shifting take-off point after the
block G5. The modified block diagram is shown in the following figure.




R[5}® GG
1+ GyGaHy

Step 3 - Use Rule 1 for blocks (G3+G4) and G5. The modified block diagram is shown in the

following figure.

Y(s)

(e
rylrs +
— (G3 + G4)Gs
1+ G,GzH,
Hs
G |

Step 4 - Use Rule 3 for blocks (G3+G4)G5 and H3. The modified block diagram is shown in thg

following figure.

:

Y(s)

>

R(S} GGy (Ga + G;]G;
"
_'® 11+ 6.,6:H, 1+ (63 + G4)65H;
Hy
Gy |

Step 5 — Use Rule 1 for blocks connected in series. The modified block diagram is shown in the

following figure.

R(s)
R

+
+

|

3 Gy GaG5(Gs + Gy) :
(14 GG )1+ (Gs + G4)GsHs}

¥(s)

Ha
G

Step 6 — Use Rule 3 for blocks connected in feedback loop. The modified block diagram is
shown in the following figure. This is the simplified block diagram.

R(s)

G,G; Gs2(Gy + G,)

Y(s)

—

(14 G GaH )L+ (G3 + G4)GsHa}Gs — Gy G2 G5 (63 + G4} Hy

_—




Therefore, the transfer function of the system is

Y(S)R(S)=G1G2G25(G3+G4)(1+G1G2H1){1+(G3+G4)G5H3}G5-G1G2G5(G3+G4)H2
Note - Follow these steps in order to calculate the transfer function of the block diagram having
multiple inputs.

O Step 1 - Findthe transfer functionof blockdiagrambyconsideringoneinputatatimeandmaketheremaininginputs
as zero.

0 Step 2 - Repeat step 1 for remaining inputs.
0 Step 3 - Getthe overall transferfunctionbyaddingallthosetransferfunctions.
The block diagram reduction process takes more time for complicated systems.

Because, we

g\a}\e/Fcotr%edtﬁ}\év the (partially simplified) block diagram after each step. So, to

drawback, use signal flow graphs (representation). In the next two chapters, we will

discuss about the concepts related to signal flow graphs, i.e.,

r((,3l\hvs¥8rrepresent signal flow graph from a given block diagram and calculation of

function just by gggr!lgaglfoﬁMl§M§ioTn§alrg r@@ulctE QWeQ rap hS

Signal flow graph is a graphical representation of algebraic equations. In this chapter, let u§
discuss the basic concepts related signal flow graph and also learn how to draw signal floi{f
graphs.

Basic Elements of Signal Flow Graph
Nodes and branches are the basic elements of signal flow graph.

Node

Node is a point which represents either a variable or a signal. There are three types of nodes {H
input node, output node and mixed node.

O InputNode- Itis a node,whichhasonlyoutgoingbranches.
0 Output Node - It is a node, which has only incoming branches.
[0 Mixed Node - It is a node, which has both incoming and outgoing branches.

Example
Let us consider the following signal flow graph to identify these nodes.




)
o
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Y1 ¥z Y3 ¥

| The nodes present in this signal flow graph are y1, y2, y3 and y4.
| y1 and y4 are the input node and output node respectively.

n| y2 and y3 are mixed nodes.

Branch

Branch is a line segment which joins two nodes. It has both gain and direction. For
example, there are four branches in the above signal flow graph. These branches have
gains of a, b, c and -d.

Construction of Signal Flow Graph

Let us construct a signal flow graph by considering the following algebraic equations -
y2=al2yl+ad2yi

y3=a23y2+a53y5

y4=a34y3

y5=a45y4+a35y3

y6=a56y5

There will be six nodes (y1, y2, y3, y4, y5 and y6) and eight branches in this signal flow graph
The gains of the branches are al2, a23, a34, a45, a56, a42, a53 and a35.

To get the overall signal flow graph, draw the signal flow graph for each equation, then
combine all these signal flow graphs and then follow the steps given below -

Step 1 - Signal flow graph for y2=al3yl+a42y4 is shown in the following figure.

a2
L] [ ] [ ]
Y1 Y2 ¥s3 Y4 ¥s ¥s
LT,

Step 2 - Signal flow graph for y3zg#a 53y5s shown in the following figure.




as3

Step 3 - Signal flow graph for y434y3s shown in the following figure.
Azq

. . — . .

Y1 Y2 Y3 Ya ¥s ¥6

Step 4 - Signal flow graph for y>sgda 35y3s shown in the following figure.

Qzs

Step 5 - Signal flow graph for y65@y5s shown in the following figure.

@2 Q33 34 ayz [
——> ——t
¥1 ¥2 ¥z Yi ¥s Yo
@yz dss

Conversion of Block Diagrams into Signal Flow Graphs
Follow these steps for converting a block diagram into its equivalent signal flow graph.

O Represent all thesignals,variables,summingpoints andtake-off pointsofblockdiagramasnodesinsignal flow
graph.

Represent the blocks of block diagram as branches in signal flow graph.

0 Representthe transfer functions inside the blocks of block diagram as gains of the branches in signal flow graph.




O Connectthe nodes as per the block diagram. If there is connection between two nodes (but there is no block ir
between), then represent the gain of the branch as one. For example, between summing points, between summinp
point and takeoff point, between input and summing point, between take-off point and output.

Example
Letusconvert the following block diagram into its equivalent signal flow graph.

Represent the input signal R(s) and output signal C(s) of block diagram as input node
R(s) and output node C(s) of signal flow graph.

Just for reference, the remaining nodes (yl to y9) are labelled in the block diagram.
There are

nine nodes other than input and output nodes. That is four nodes for four summing
points, four

nodes for four take-off points and one node for the variable between blocks G1 and G2.

The following figure shows the equivalent signal

H,

With the help of Mason’s gain formula (discussed in the next chapter), you can
calculate the transfer function of this signal flow graph. This is the advantage of signal
flow graphs. Here, we no need to simplify (reduce) the signal flow graphs for
calculating the transfer function.
Mason's Gain Formula

Let us now discuss the Mason’s Gain Formula. Suppose there are ‘N’ forward paths in a signg
flow graph. The gain between the input and the output nodes of a signal flow graph is nothing
but the transfer function of the system. It can be calculated by using Mason’s gain formula.

Mason’s gain formula is




T=C(s)R(S)=Ni=1RPiAIA
Where,

O C(s)is the output node
O R(s)is the input node

g Tis the transfer function or gain between R(s) and C(s)
g Pis the ith forwardpath gain

A=1-(sumofallindividualloopgains)
+(sumofgainproductsofallpossibletwonontouchingloops)
—(sumofgainproductsofallpossiblethreenontouchingloops)+...

Ai is obtained from A by removing the loops which are touching the ith forward path.

Consider the following signal flow graph in order to understand the basic terminology involved
here.

Path

It is a traversal of branches from one node to any other node in the direction of branch
arrows. It should not traverse any node more than once.

Examples - y2-.y3-y4-y5and y5-y3-y2

Forward Path

The path that exists from the input node to the output node is known as forward path.
Examples -yl -y2.y3-y4-y5-y6and yl-y2-y3-y5-y6.

Forward Path Gain

It is obtained by calculating the product of all branch gains of the forward path.

Examples — abcde is the forward path gain of y1 - y2 - y3 - y4 - y5 - y6 and abge is the forwargl
path gain of y1 - y2 - y3-y5-y6.

Loop

The path that starts from one node and ends at the same node is known as loop. Hence, it is §
closed path.

Examples - y2 - y3-y2 and y3 - y5 - y3.
Loop Gain




It is obtained by calculating the product of all branch gains of a loop.
Examples — bj is the loop gain of y2 - y3 - y2 and gh is the loop gain of y3 - y5 - y3.

Non-touching Loops
These are the loops, which should not have any common node.

Examples — The loops, y2 - y3 - y2 and y4 - y5 - y4 are non-touching.

Calculation of Transfer Function using Mason’s Gain Formula
Let us consider the same signal flow graph for finding transfer function.

Voo

Number of forward paths, N = 2.

First forward path is - y1 - y2 - y3 - y4 . y5 6.
First forward path gain, pl=abcde.

Second forward path is - y1 - y2 - y3 - y5- y6.
Second forward path gain, p2=abge.

Number of individual loops, L = 5.

Loops are - y2-y3-y2,y3-y5-y3, y3-y4-y5-y3, y4-y5- ydand y5 - y5.
Loop gains are - [1=bj, 2=gh, I3=cdh, l4=di and 5=f.
Number of two non-touching loops = 2.

First non-touching loops pair is - y2 - y3-y2, y4 - y5 - y4.
Gain product of first non-touching loops pair, 11/14=bjdi
Second non-touching loops pair is - y2 - y3-y2, y5 - y5.

OOO0OO0 OO0 OOoOOooOooO O

Gain product of secondnon-touching loopspair is - I1/5=bjf
Higher number of (more than two) non-touching loops are not present in this signal flow graph.

We know,

A=1-(sumofallindividualloopgains)
+(sumofgainproductsofallpossibletwonontouchingloops)
—(sumofgainproductsofallpossiblethreenontouchingloops)+...
Substitute the values in the above equation,

A=1-(bj+gh-+cdh-+di+f)+(bjdi+bjf)-(0)




=A=1-(bj+gh+cdh+di+f)+bjdi+bjf There is no loop which is non-touching to
the first forward path.

So, Al1=1.

Rjﬂﬂlarly, A2=1. Since, no loop which is non-touching to the second forward
Substitute, N = 2 in Mason’s gain formula

T=C(s)R(s)=22i=1PRiAiA

T=C(S)R(s)=P1A1+P2A2A

Substitute all the necessary values in the above equation.

T=C(s)R(s)=(abcde)1+(abge)11-(bj+gh+cdh+di+f)+bjdi+bjf
=T=C(s)R(s)=(abcde)+(abge)1-(bj+gh+cdh+di+f)+bjdi+bjf
Therefore, the transfer function is - T=C(s)R(s)=(abcde)+(abge)l-

(bj+gh+cdh-+di+f)+bjdi+bjf

UNIT 2
TIME RESPONSEANALYSIS

What is Time Response?

Ifthe outputofcontrolsystem for aninputvarieswithrespecttotime,thenitiscalledthetimeresponse of the control system.
The time response consists of two parts.

O Transient response
| Steady state response
The response of control system in time domain is shown in the following figure.

c(t)

3

H
1
0 b
b

*

[ 2B

Transient Steady
State state

Here, both the transient and the steady states are indicated in the figure. The responses corresponding to these states are kno
as transient and steady state responses.

Mathematically, we can write the time response c(t) as

c(t)=ctr(t)+css)=ctr(t)+css(t)




Where,

O ctr(t) is the transient response

O css(t) is the steady state response
Transient Response

After applying input to the control system, output takes certain time to reach steady state. So, the output will be in transient statﬂ
1

till it goes to a steady state. Therefore, the response of the control system during the transient state is known as transie
response.

The transient response will be zero for large values of ‘t'. Ideally, this value of ‘t" is infinity and practically, it is five times
constant.

Mathematically, we can write it as
limt- eogr (t)=0limt - coctr(t)=0

Steady state Response

The part of the time response that remains even after the transient response has zero value for large values of ‘t’ is knowr
as steady state response. This means, the transient response will be zero even during the steady state.

STANDARD TEST SIGNALS

The standard test signals are impulse, step, ramp and parabolic. These signals are used to know the performance of the contrdj
systems using time response of the output.

Unit Impulse Signal

A unit impulse signal, o(t) is defined as

O(t)=0s(t)=0 fortZ0tz0
and[0+0—-3(t)dfsdo+5(t)dt=1

The following figure shows unit impulse signal.

&(t)

So, the unit impulse signal exists only at ‘t’ is equal to zero. The area of this signal under small interval of time around ‘t’ is
equal to zero is one. The value of unit impulse signal is zero for all other values of ‘t'.

Unit Step Signal
A unit step signal, u(t) is defined as

u(t)=21;t=Q(t)=1;t=0




=0;t<0=0:t<0
Followingfigureshows unit step signal.

u(t)

So, the unit step signal exists for all positive values of ‘" including zero. And its value is one during this interval. The value of
the unit step signal is zero for all negative values of ‘t'.

Unit Ramp Signal

A unit ramp signal, r(t) is defined as

r(t)=t;t=0r(t)=t;t=0

=0;t<0=0:t<0

Wecanwriteunit ramp signal, I’(t)r(t) in terms of unit step signall (t)J(t) as
r(t)=tu(ty(t)=tu(t)

Following figure shows unit ramp signal.

r(t)

So, the unit ramp signal exists for all positive values of ‘t" including zero. And its value increases linearly with respect to ‘t’
during this interval. The value of unit ramp signal is zero for all negative values of ‘t".
Unit Parabolic Signal
A unit parabolic signal, p(t) is defined as,
p(t)=t22;t=@(t)=t22;t=0
=0;t<0=0;t<0
Wecanwriteunit parabolic signal, P(t)p(t) in terms of the unitstepsignall(tu(t)as,
p(t)=t2u(tp(t)=t22u(t)

The following figure shows the unit parabolic signal.




p(t)

So, the unit parabolic signal exists for all the positive values of ‘t’ including zero. And its value increases non-linearly with
respect to ‘t’ during this interval. The value of the unit parabolic signal is zero for all the negative values of ‘t'.

Response of the First Order System

In this chapter, let us discuss the time response of the first order system. Consider the following block diagram of the closed
loop control system. Here, an open loop transfer function, 1sT1sT is connected with a unity negative feedback.

R(s) + 1 C(s)

L *

sT

We know that the transfer function of the closed loop control system has unity negative feedback as,
C(s)R(s)=G(s)1+G(8]s)R(s)=G(s)1+G(s)

Substitute G(S)=1sTG(s)=1sTin the above equation.
C(S)R(S)=1sT1+1sT=1sTJR(s)=1sT1+1sT=1sT+1

The power of s is one in the denominator term. Hence, the above transfer function is of the first order and the system is said to

be the first order system.

We can re-write the above equation as

C(s)=(1sT+1)R(£)s)=(1sT+1)R(s)

Where,

O C(s) is the Laplace transform of the output signal c(t),
0 R(s) is the Laplace transform of the input signal r(t), and

T is the time constant.

a

Follow these steps to get the response (output) of the first order system in the time domain.

Take the Laplace transform of the input signal r(t)r(t).
Consider the equation, C(s)=(1sT+1)R(s)C(s)=(1sT+1)R(s)
Substitute R(S)R(s) value in the above equation.

Do partial fractions of C(s)C(s) if required.

Apply inverse Laplace transform to C(s)C(s).

OOoOoOonO




In the previous chapter, we have seen the standard test signals like impulse, step, ramp and parabolic. Let us now
find out the responses of the first order system for each input, one by one. The name of the response is given as per
the name of the input signal. For example, the response of the system for an impulse input is called as impulse

StEP*Response of First Order System

Consider the unit step signal as an input to first order system.

So, r(t)=u(r(t)=u(t)
Apply Laplace transform on both the sides.

R(s)=1sR(s)=1s

Consider the equatio(S)=@sT+)R(S)C(s)=(1sT+1)R(s)

Substitute, R($)&skEsin the above equation.
C(s)=(1sT+1)(1s)=1s(sTHI(})=(1sT+1)(1s)=1s(sT+1)

Do partial fractions of C(s).
C(s)=1s(sT+1)=As+BsT€ls)=1s(sT+1)=As+BsT+1

—1s(sT+1)=A(sT+1)+Bss(sT+t)s(sT+1)=A(sT+1)+Bss(sT+1)

On both the sides, the denominator term is the same. So, they will get cancelled by each other. Hence, equate the numerator

terms.
1=A(ST+1)+Bs=A(sT+1)+Bs
By equating the constant terms on both the sides, you will get A = 1.

Substitute, A = 1 and equate the coefficient of the s terms on both the sides.

0=T+B=>B=-T0=T+B=B=-T

Substitute, A =1 and B = T in partial fraction expansioEéBﬁ(s).
C(s)=1s-TsT+1=1s-TT(S+E[9)=1s-TsT+1=1s-TT(s+1T)

=C(s)=1s—1s+HIC(s)=1s-1s+1T
Apply inverse Laplace transform on both the sides.

c(t)=(1-e(@))u(te)=(1-e~(tT))u(t)

The unit step response, c(t) has both the transient and the steady state terms.
The transient term in the unit step response is -

ctr(t)=—e@u(t)ctr(t)=—e-(tT)u(t)

The steady state term in the unit step response is -

css(t)=u(tss(t)=u(t)




The following figure shows the unit step response.

c(t)
A

The value of the unit step response, c(t) is zero at t = 0 and for all negative values of t. It is gradually increasing from zero

value and finally reaches to one in steady state. So, the steady state value depends on the magnitude of the input.

Response of Second Order System

In this chapter, let us discuss the time response of second order system. Consider the following block diagram of closed loop

control system. Here, an open loop transfer function, w2ns(s+28wn)wn2s(s+2dwn) is connected with a unity negative fe
R(s) 4+ @2 C(s)
s(s + 28w,) =

We know that the transfer function of the closed loop control system having unity negative feedback as

Cs)  G(s)
R(s) 1+G(s)

C(s) (.f{.i'.—ﬂr;'w,l}) B w?
R(s) 1*( wh ) 82 4 20w, 8 + wl
s{5+20wy, )

The power of ‘s’ is two in the denominator term. Hence, the above transfer function is of the second order and the system is sajq

to be the second order system.

2 g - 2
The characteristic equation isS 20wn8 4 wp =0

Hdback.




= 8= —fw, +tw,/86° —1

The roots of characteristic equation are -

The two roots are imaginary when & = 0.

The two roots are real and equal when 6 = 1.

The two roots are real but not equal when & > 1.

The two roots are complex conjugate when 0 < & < 1.

OO OO

Step Response of Second Order System

Consider the unit step signal as an input to the second order system.

Laplace transform of the unit step signal is,

R(s)=1

8

We know the transfer function of the second order closed loop control system

is,
C(s) _ wh
R(s) 2+ 28w,s+ w?
Case1: 6 =0
Substitute, 4 = 0 in the transfer function.
C(s)  wi
R(s) 24wl
C _“ \p
= 8) = s
0 = (52 ) R

Substitute, R(s) = l? in the above equation.




C(s)

(72) () -
82 4 w? s/ s8(s?+wd)

Apply inverse Laplace transform on both the sides.
(t) = (1 — cos(wat)) u(t)

So, the unit step response of the second order system when /delta = 0 will
be a continuous time signal with constant amplitude and frequency.

Case 2:0=1
Substitute, ,fdelta = 1 in the transfer function.
Cls) wy
R(s)  s?+42w,s+w?
P
>C(g)=——— | R
>0l = (7= ) Ble)
2 2
W 1 W
ce) = (25 (=) =2
(8 + wy)? 8 3(s + wy)?

Do partial fractions of C(s).

wh

C{S} - S{S : 3 Wn)z

5

B

C

8+ Wy

(8 + wy)?

After simplifying, you will get the values of A, Band Cas 1, —1and —w,
respectively. Substitute these values in the above partial fraction expansion of

C(s).

1 1
5 8+ wy

Wn

(8 + w,)?

C(s) =

Apply inverse Laplace transform on both the sides.
c(t) = (1 — e — wyte “*)u(t)

So, the unit step response of the second order system will try to reach the
step input in steady state.




Case3:0<d <1

We can modify the denominator term of the transfer function as follows —
&% + 20w, + w2 = {87 + 2(8)(6wn) + (Jwn)?} + w2 — (Sw,)?
=3 —|—5wn)2 +wi(l— 52)

The transfer function becomes,

C(s) w?
R(s) ik (8+ 0wy, )? + mﬁ[l —462)
w2
e o ( (5 + Bt )? + wi(1 — 62)) )

Substitute, R(s) = % in the above equation.

SRS VA —
N wa )2 +wi(1-02) ) \8)  s((5+0wn)? +wi(1—d2))
Do partial fractions of C'(s).

g A Bs 4+ C
Cl(s) = : : = B AR
s((s+0wn)?+wi(l1—462) § (84 0wy)?+wr(l—462)

After simplifying, you will get the values of A, B and C as 1, —1 and — 24w,
respectively. Substitute these values in the above partial fraction expansion of
C(s).

1 8 + 20w,
5 [S+5Wn)2 +Wrt{]—_‘52]
C(s) = 1 3 4 dw, dw,,
~ 3 i PrRl—00 (eise iRl —0)

5 i (5+6w,) B ,g,_ ay -._.-"W'_
(8) =3 (540w ) Hwa V187N V187 \ (s+dwn ) +(wa v/ 1-87)

Substitute, w,v'1 — 82 as wy in the above equation.




]

c(t)=(1—e *tcos(wyt) — ——

g Swnt sin{wdt]) u(t)

e(t) = (1 _ % ((v/T—8%) cos(wat) + 55111(wdt))) u(t)

If v1— 462 =sin(f), then '8’ will be cos(B). Substitute these values in the
above equation.

e = (sin(8) cos(wat) + cos(6) Sin{wdﬂ}) )

©=(1- =5

=8 {1 = (1 — (%) sin(wgt + E?}) u(t)

So, the unit step response of the second order system is having damped
oscillations {decreasing amplitude) when *®" lies between zero and one.

Cased4: 6 > 1

We can modify the denominator term of the transfer function as follows —
8% + 28w, s + w2 = {8% + 2(8)(dwn) + (6wn)®} + w2 — ()’

= (8 +6w,): — w2 (62 -1
( )

The transfer function becomes,

C(s) wh

R(s) ~ (8+ 6wy)? — w2(62 — 1)

2
Whn

(8 + dwy,)? — W2 (62 — 1)

— C(s) = ( ) R(s)

Substitute, R(s) = % in the above equation.

Eay wh iy - wh
{ } ( (=+ ﬂ"wnjg' [ty V8 1}2 { % ) s(5+dwy, g 4 &2 LM 5+ diwry —iarn v/ 52 —1)

Do partial fractions of C'(8).

gy ___wn _
S8t B L VBE — T8 - Beke — nfB® — 1)
B O

S = 3+ Er
& 84 0w, +w,,vd2 —1 8+ dw, —wpvo?2 —1




Apply inverse Laplace transform on both the sides.

c(t)

. Ny
= 1 1 e {Mn oy 4/ 87 - l}t
( = (2(¢'1 VEE 1)~/ 87 --1})

1 (B —twn /65 —1)2 | ,
— e )
(2(;5 VEE—1) (/8% -1}) ) (£)

Since it is over damped, the unit step response of the second order system

when & = 1 will never reach step input in the steady state.

Time Domain Specifications

Inthis chapter, letusdiscuss the timedomain specifications of the second order system. The step response of the second order

system forthe underdamped case isshownin thefollowing figure.

c(t)
A

M

1.35 _____ > /\h _____

T i N B i v .........
0.5
0 " :

All the time domain specifications are represented in this figure. The response up to the settling time is known as transient

response and the response after the settling time is known as steady state response.

Delay Time

It is the time required for the response to reach half of its final value fromithe zero instant. It ig

Consider the step response of the second order system for t = 0, when ‘d’ lies between zero and one.

e Fear, # R
C‘.{t]l — 1 — (m) 51n[wdt —+ 9}

denot




The final value of the step response is one.

Therefore, at t=tdt=td, the value of the step response will be 0.5. Substitute, these values in the

S, t g
cliz;] —=D05=1— ( 1 52) sin(wata + 0)
S, ty
= e sin(wqts + @) = 0.5

By using linear approximation, you will get the delay time td as

1+0.76

w n

o

Rise Time

It is the time required for the response to rise from 0% to 100% of its final value. This is applicable for the under-damped

systems. For the over-damped systems, consider the duration from 10% to 90% of the final value. Rise time is denoted by tr.

c(t) =1 — ( e ) sin(wgt + &)

LI Y

c(t2) =1 =1 — fﬁ sin(wats + )

S, Fa
= ( —— sin(wgts +6) =0

= Sin[:-‘.d'd;tg —+ 9] =0

= wgts + 0 =

:}tQ:

Substitute t1 and t2 values in the following equation of rise time,

t, =ty — ¢t

Wd

From above equation, we can conclude that the rise time trtr anshthardagpecirguarcy wd
each other.

Peak Time

It is the time required for the response to reach the peak value for gtpenfirstimpandtiist denoted byf

derivate of the response is zero.
We know the step response of second order system for under-damped case is

HboVe




e ity T

E(*}:l‘(ﬂ

) sin(wqt + 60)

Differentiate ¢(t) with respect to 't’.

delt — e t 2 % ~ i, £
C[ ) — (E—) Wy Qgg(wdt+ ﬂ) - (&HL) Siﬂ[wdt—F 6.)

dt Vi1— a2 V1—02

de(t) . :
i = 0 in the above equation.

Substitute, £ =1, and 5

0=— (%) [wg cos(wgt, + 0) — dw, sin(wgt,, + 0)]
= wny/1 — 6 cos(wat, + 0) — dwy, sin(wyt, +0) =0
= /1 — &% cos(wat, + 0) — §sin(wyt, +60) =0
= sin(#) cos(wgt, + 0) — cos(f) sin(wat, + &) =0
= sin(f — wyt, — 0) =0
= sin(—wqtpy) = 0 = —sin(wqtp) = 0 = sin(wet,) =0

= Wyt =

o
:}fp:w—d

From the above equation, we can conclude that the peak time tptp and the damped frequency ¢§

to each other.
Peak Overshoot

Peak overshoot Mp is defined as the deviation of the response at peak time from the final value of response. It is also called
the maximum overshoot.
Mathematically, we can write it as

Mp=c(t9—c(c0) Mp=c(tp)—c(c)
Where,

c(tp) is the peak value of the response.

c(o) is the final (steady state) value of the response.

Hod




Sty

= ) )
ﬂ{f;p) =1- (ﬂ) Slﬂ[f.ﬂdtp + g}

Substitute, £, = i in the right hand side of the above equation.

i (2)
[ “d 4 mw
C(t}-‘-) = ]. — W s (l'-l.;'d (w_d) e 9)

(=)

(tp) =1- 5 (— sin())

We know that

So, we will get ¢(t,) as

c(tp) =1+e (a-""hﬂ )

Settling time
Itis the time required for the response to reach the steady state and stay within the specified
tolerance bands around the final value. In general, the tolerance bands are 2% and 5%. ThE

settling time is denoted by tsts.
The settling time for 5% tolerance band is -

b=y
8 S,

The settling time for 2% tolerance band is -

4
Bz ol
T dwy, g

Where, T is the time constant and is equal to a':‘ .




Final value

Time Formula Substitution of values in Formula
domain
specific
ation
Delay td=2+0.75wrtd=1+0.7dwn td=2+0.7(0.5)2td=1+0.7(0.5)2 tdtd=0.675
time sec
Rise
i tr=n-ewtt=rt-6wd tr=Ti—(B2r=m1—(113)1.732 trtr=1.207
ime sec
Peak tp=nwtp=rteod tp1.732tp=m11.732 tptp=1.813
time sec
% %Mp%Mp
%Mp h| e—§r1-5¢y)x100 %oMph| e-¢5m1-03)23%100% =16.32%
Peak  %%Mp=(e—(3111-52))x100% %Mp=(e—(0.5111-(0.5)2))x100%
overs
hoot
Settli tS=5wis=45wn 1S2(0.5)(2)tS=4(0.5)(2) tsts=4 sec
ng
time
for
2%
tolera
nce
band

Control Systems - Steady State Errors

The deviation of the output of controlsystem from desired response duringsteady stateisknownassteady state error. It is
represented as essess. We can findsteadystate error using thefinal valuetheorem asfollows.
ess=Ilim- we(t)=lims - 0E(S)kss=limt - coe(t)=lims — 0E(s)

Where,
E(s) is the Laplace transform of the error signal, e(t)e(t)
Let us discuss how to find steady state errors for unity feedback and non-unity feedback control systems one by one.

Steady State Errors for Unity Feedback Systems

Consider the following block diagram of closed loop control system, which is having unity negative feedback.




R(s) + G(s) C(Sl

C(s)  G(s)

R(s) 1+G(s)

. o) = FOG©)
1+ G(s)

The output of the summing point is -
E(s) = R(s) — C(s)

Substitute C'(8) value in the above equation.

R(s)G
B9 g - R
. R(s)+R(s)G(s) — R(s)G(s)
=)= 1+ G(s)
__R(s)
=) =1Tem

Substitute E/(s) value in the steady state error formula

. sR(s)
== 1 T ——
fs = 01+ G(s)

Input signal Steady state erroress Error constant

unit step signal 11+kf 1+kp Kp=lims - dG(SKp=lims - 0G(s)

unit ramp signal 1KVLKV Kv=lims - .sG(Skv=lims — 0sG(s)




unit parabolic signal 1KdlKa Ka=lims- g G(S)Ka=lims - 0s2G(s)

Input signal Error constant Steady state error
r1(t)=5u(tyL(=5u(t) Kp=lims - 0G(S)x&gp=lims - 0G(s)=c ess1=51+kpsB-51+kp=0

r2(t)=2tu(tp®=2tut)  Kv=Ilims - 0sG(s)*ee=lims - 0sG(s)=c0 eSS2=2KwesfP=2Kv=0

r3(t)=t22u@b=t22ut) Ka=lims - 0s2G(skadlims - 0s2G(s)=1 ess3=1kassB=1ka=1

Weuwillgettheoverall steadystateerror,byaddingtheabovethreesteadystateerrors.

ess=essl+ess2¢es33sl+ess2+ess3

=ess=0+0+1=less=0+0+1=1

Stability
Stability is an important concept. In this chapter, let us discuss the stability of system and types of systems based on stability.

What is Stability?

A system is said to be stable, if its output is under control. Otherwise, it is said to be unstable. A stable system produces
bounded output for a given bounded input.

The following figure shows the response of a stable system.

This is the response of first order control system for unit step input. This response has the values between 0 and
1. So, it is bounded output. We know that the unit step signal has the value of one for all positive values of
tincluding zero. So, it is bounded input. Therefore, the first order control system is stable since both the input and

1LY 8f BYst&ms based on Stability

We can classify the systems based on stability as follows.

0 Absolutely stable system
Conditionally stable system
O Marginally stable system




Absolutely Stable System



If the system is stable for all the range of system component values, then it is known as the absolutely stable
system. The open loop control system is absolutely stable if all the poles of the open loop transfer function present in
left half of ‘s’ plane. Similarly, the closed loop control system is absolutely stable if all the poles of the closed loop
transfer function present in the left half of the ‘s’ plane.

Conditionally Stable System

If the system is stable for a certain range of system component values, then it is known as conditionally stable system.

Marginally Stable System

If the system is stable by producing an output signal with constant amplitude and constant frequency of oscillations for boundef
input, then it is known as marginally stable system. The open loop control system is marginally stable if any two poles of th
open loop transfer function is present on the imaginary axis. Similarly, the closed loop control system is marginally stable if any
two poles of the closed loop transfer function is present on the imaginary axis.

Control Systems - Stability Analysis

In this chapter, let us discuss the stability analysis in the ‘s’ domain using the RouthHurwitz stability criterion. In this criterion,

we require the characteristic equation to find the stability of the closed loop control systems.

Routh-Hurwitz Stability Criterion

Routh-Hurwitz stability criterion is having one necessary condition and one sufficient condition for stability. If any
control system doesn’t satisfy the necessary condition, then we can say that the control system is unstable. But, if
the control system satisfies the necessary condition, then it may or may not be stable. So, the sufficient condition
is helpful for knowing whether the control system is stable or not.

Necessary Condition for Routh-Hurwitz Stability

The necessary condition is that the coefficients of the characteristic polynomial should be positive. This implies that all the roots
of the characteristic equation should have negative real parts.

Consider the characteristic equation of the order ‘n’ is -

alsn+msl +am-2 +...+a-18 +ansO=&Dsn+alsn—-1+a2sn—2+...+an-1s1+ans0=0

Note that, there should not be any term missing in the nth order characteristic equation. This means ttra n™ order
characteristic equation should not have any coefficient that is of zero value.

Sufficient Condition for Routh-Hurwitz Stability

The sufficient condition is that all the elements of the first column of the Routh array should have the same sign. This means
that all the elements of the first column of the Routh array should be either positive or negative.

Routh Array Method

If all the roots of the characteristic equation exist to the left half of the ‘s’ plane, then the control system is stable. If at
least one root of the characteristic equation exists to the right half of the ‘s’ plane, then the control system is unstable.
So, we have to find the roots of the characteristic equation to know whether the control system is stable or unstable.

But, it is difficult to find the roots of the characteristic equation as order increases.




So, to overcome this problem there we have the Routh array method. In this method, there is no need to calculate
the roots of the characteristic equation. First formulate the Routh table and find the number of the sign changes in the
first column of the Routh table. The number of sign changes in the first column of the Routh table gives the number of
roots of characteristic equation that exist in the right half of the ‘s’ plane and the control system is unstable.

Follow this procedure for forming the Routh table.

g Fill the first two rows of the Routh array with the coefficients of the characteristic polynomial as mentioned in the
table below. Start with the coefficient of snsn and continue up to the coefficient of s0s0.

g Fill the remaining rows of the Routh array with the elements as mentioned in the table below. Continue this process
till you get the first column element of row s0sO0 is anan. Here, anan is the coefficient gf
polynomial.

Note - If any row elements of the Routh table have some common factor, then you can divide the row elements with that factor
for the simplification will be easy.

The following table shows the Routh array of the nth order characteristic polynomial.

al0sn+msl +a@-2 +...+a-18+as 0aOsn+alsn-1+a2sn-2+...+an-1sl+ans0

SRn a0a0 aa2 akha aG
6

sn-1sn = alal a3a3 abab ah

-1 7

S1-2n  bl=la2-am@bl=ala2-a3 b2=lad-snm@b2=alad-a5a b3=la6-aaib3=alab-a
-2 alal Oal 7a0al

S-3n Cl¥la3-b2allkl=bla3-b C2¥la55-b3alkkR=bla55-b

-3 2alb 3albl
1

Sisl

S0s0 dnan

Example

Let us find the stability of the control system having characteristic equation,

A+3B+32 +25+1=M+353+352+25+1=0

Step 1 - Verify the necessary condition for the Routh-Hurwitz stability.

All the coefficients of the characteristic polynomBI3S8 +3% +2S+34+3s3+3s2+2s+4te positive. So, the control
system satisfies the necessary condition.

Step 2 — Form the Routh array for the given characteristic polynomial.

50s0




Ss4 11 33 11
S3s3 33 22

252 (3x3)-(2x1)FT73(3x3)—(2x1)3=73  (3x1)-(0x1)F33l (3x1)-(0x1)3=33=1
Sisl  (73x2)—(1x3f357(73x2)—(1x3)73=57

0s0 11
Step 3 — Verify the sufficient condition for the Routh-Hurwitz stability.

All the elements of the first column of the Routh array are positive. There is no sign change in the first column of the Routh
array. So, the control system is stable.

Special Cases of Routh Array

We may come across two types of situations, while forming the Routh table. It is difi@dmplete the Routh table from

these two situations.

The two special cases are -

0 The first element of any row of the Routh array is zero.
0 All the elements of any row of the Routh array are zero.

Let us now discuss how to overcome the difficulty in these two cases, one by one.

First Element of any row of the Routh array is zero

If any row of the Routh array contains only the first element as zero and at least one of the remaining elements have
non-zero

value, then replace the first element with a small positive integer, €e. And then continue
the process of completing the Routh table. Now, find the number of sign changes in the
first column of the Routh table by substituting €€ tends to zero.

Example

H+28+2+25+1=64+253+52+25+1=0
Let us find the stability of the control system %av%g characteeﬁst?cequation,
Step 1 - Verify the necessary condition for the Routh-Hurwitzstability.

All the coefficients of the characteristic polynom§4+253+52+25§h1253+52+28-la1e positive. So, the control system
satisfied the necessary condition.

Step 2 — Form the Routh arrayfor the given characteristic polynomial.
Sas4 11 11 11
S3s3 21 21

S2s2 (1x1)-(1x1)E0(1x1)~-(1x1)1=0 (1x1)-(0x1)E1(1x1)-(0x1)1=1




Sisl

S0s0

The row s3s3 elements have 2 as the commonfactor. So, all these elements are divided by 2.

Special case (i) - Only the first element of r8&2 IS zero. So, replace it by eeand continue the process of
Routh table.

Sas4 1 1 1
$s3 1 1

os2 €e 1

Sis1 (ex1)-(1x1)ze-14ex1)—(1x1)e=e-1€

S0s0 1

Step 3 - Verify the sufficient condition for the Routh-Hurwitz stability.

As €€ tendsto zero, the Routh table becomeslikethis.

As4 1 1 1
1
3s3 1
0
s2 1
-00
Sisl
1
S0s0

There are two sign changes in the first column of Routh table. Hence, the control system is unstable.
All the Elements of any row of the Routh array are zero
In this case, follow these two steps -
g Write the auxilary equation, A(s) of the row, which is just above the row of zeros.
0 Differentiate the auxiliary equation, A(s) with respect to s. Fill the row of zeros with these coefficients.
Example

Let us find the stability of the control system having characteristicequation,

S5+354+53+352+5+85Bs4+s3+3s2+s+3=0

[l
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Step 1 - Verify the necessary condition for the Routh-Hurwitz stability.
All the coefficients of the given characteristic polynomial are positive. So, the control system satisfied the necessary condition.

Step 2 - Form the Routh array for the given characteristic polynomial.

S6s5 1 1 1
usa 31 31 31
3s3 (1x1)-(1x1)E=0(1x1)-(1x1)1=0 (1x1)-(1x1)=0(1x1)-(1x1)1=0

S2s2

Sisl

0s0

The row s4s4 elements have the common factor of 3. So, all these elements are divided by 3.

Special case (ii) — All the elements of row s3s3 are zero. So, write the aualiary equation, A(S) {

A(S)=st+2 +1A(s)=s4+s2+1

Differentiate the above equation with respect to s.

dA(s)ds=4s3+2%\(s)ds=4s3+2s

Place these coefficientsan row s

S6s5 1 1 1
S4s4 1 1 1
353 ‘_1 2 21

252 (2x1)-(1x1)=0.52x1)-(1x1)2=0.5 (2x1)-(0x1)=1(2x1)-(0x1)2=1

sis1 (0.5%1)—(1%2)0.5==3&6xD)-(1x2)0.5=-1.50.5=-3
0s0 1

Step 3 - Verify the sufficient condition for the Routh-Hurwitz stability. There are two sign changes in the first column of
Routh table. Hence, the control system is unstable. In the Routh-Hurwitz stability criterion, we can know whether the

closed loop poles are in on left half of the ‘s’ plane or on the

right half of the ‘s’ plane or on an imaginary axis. So, we can't find the nature of the control system. To
overcome this

limitation, there is a technique known as the root locus. We will discuss this technique in the next two chapters.

the



ROOT LOCUS

In the root locus diagram, we can observe the path ofthe closedloop poles. Hence, we can identify the nature of the control
system. In this technique, we will use an open loop transfer functionto know thestability of the closed loop control system.

Basics of Root Locus

The Root locus is the locus of the roots of the characteristic equation by varying system gain K from zero to infinity.
We know that, the characteristic equation of the closed loop control system is
1+G(s)H(s)=0+G(s)H(s)=0
We can represefp(S)H(SB(s)H(s)as
G(s)H(s)=KN(s)D(83(s)H(s)=KN(s)D(s)
Where,
O K represents the multiplying factor N(s) represents the numerator term

0 having (factored) nth order polynomial of ‘s’.

D(s) represents the denominator term having (factored) mth order

a

‘s’. SUBRHBE! @ (s)H(s)G(s)H(s) value in the characteristic equation.
1+kN(S)D(S)=@+kN(s)D(s)=0

=D(s)+KN(s)=0=B(s)+KN(s)=0

Casel-K=0
If K=0K=0, then D(s)=0D(s)=0.
That means, the closed loop poles are equal to open loop poles when K is zero.

Case2-K=o

Re-write the above characteristic equation as
K(1K+N(s)D(s))=0=1K+N(s)D(s)#Q1K+N(s)D(s))=0,1K+N(s)D(s)=0

Substitute K=00K=0dn the above equation.
100+N(S)D(S)=0=N(s)D(s)=0=N(S)E0+N(s)D(s)=0=N(s)D(s)=0=N(s)=0

If K=0oK=co, thenN(S)=ON(s)=0. It means the closed loop poles are equal to the open loop zeros when K is infinity.
From above two cases, we can conclude that the root locus branches start at open loop poles and end at open loop zeros.

Angle Condition and Magnitude Condition

The points on the root locus branches satisfy the angle condition. So, the angle condition is used to know whether the
point exist on root locus branch or not. We can find the value of K for the points on the root locus branches by using
magnitude condition. So, we can use the magnitude condition for the points, and this satisfies the angle condition.

Characteristic equation of closed loop control system is




1+G(S)H(S)=0+G(s)H(s)=0
=G(s)H(s)=—1+]05(s)H(s)=—1+j0

The phase angle & (S)H(SJ(s)H(s) is
ZG(s)H(s)=tan—-1(0-1)=(2n+HE@)(s)=tan-1(0-1)=(2n+1)1
The angle condition is the point at which the angle of the open loop transfer function is an odd multiple of 1800.

Magnitude of G(s)H(s)G(s)H(s)is-
IG(S)H(s)|=(-1)2+02-—~——-——~ VEISH(S)|=(-1)2+02=1

The magnitude condition is that the point (which satisfied the angle condition) at which the magnitude of the open loop transfer
function is one.

Construction of Root Locus

The root locus is a graphical representation in s-domain and it is symmetrical about the real axis. Because the open
loop poles and zeros exist in the s-domain having the values either as real or as complex conjugate pairs. In this
chapter, let us discuss how to construct (draw) the root locus.

Rules for Construction of Root Locus

Follow these rules for constructing a root locus.
Rule 1 - Locate the open loop poles and zeros in the ‘s’ plane.
Rule 2 - Find the number of root locus branches.

We know that the root locus branches start at the open loop poles and end at open loop zeros. So, the number of root locus
branches N is equal to the number of finite open loop poles P or the number of finite open loop zeros Z, whichever is greater.

Mathematically, we can write the number of root locus branches N as

N=PN=P if P>ZP>Z
N=ZN=Z if
P<ZP<Z

Rule 3 - Identify and draw the real axis root locus branches.

If the angle of the open loop transfer function at a point is an odd multiple of 1800, then that point is on the root

locus. If odd

pgg?%acr %f the open loop poles and zeros exist to the left side of a point on the real axis, then that point is on the
u

branch. Therefore, the branch of points which satisfies this condition is the real axis of the root locus branch. Rule 4 -

Findlhe qeﬁ’t?o%%ﬁ@ﬁw&%&eatﬂ g%ggoqésllocus branches start at finite open loop poles and end at finite
a

If P>ZP>Z , then ZZ number of root locus branches start at finite open loop poles and enrﬂ At fin
[

0 and P-zP-Z number of root locus branches start at finite open loop poles and end at inf
If P<ZP<Z , then P number of root locus branches start at finite open loop poles and eng

bpen

te Of
At fini

and Z-PZ-P number of root locus branches start at infinite open loop poles and end at fif|te oy

So, some of the root locus branches approach infinity, when P£ZP#Z. Asymptotes give the ¢
branches. The intersection point of asymptotes on the real axis is known as centroid.

flectic




We can calculate the centroid a by using this formula,

O=3 Realpartoffiniteopenlooppoles—3 Realpartoffiniteopenloopzemsf-fZealpartoffiniteopenlooppoles—3 Realpartoffiniteo
penloopzerosP-Z

The formula for the angle of asymptotes 0 is

0=(29+1)1800P-&(2g+1)1800P-Z

Where,
q=0,1,2,....,(P-2)-k0,1,2,....(P-2)-1

Rule 5 - Find the intersection points of root locus branches with an imaginary axis.

We can calculate the point at which the root locus branch intersects the imaginary axis and the value of K at that point by using

the Routh array method and special case (ii).

O !If all elements of any row of the Routh array are zero, then the root locus branch intersects the imaginary axis and
vice-versa.

0 !dentify the row in such a way that if we make the first element as zero, then the elements of the entire row are zero.
Find the value of Kfor this combination.

[0 Substitute this K value in the auxiliary equation. You will get the intersection point of the root locus branch with an
imaginary axis.

Rule 6 - Find Break-away and Break-in points.

O Ifthere exists a real axis root locus branch between two open loop poles, then there will be a break-away point in
between these two open loop poles.

O !fthere exists a real axis root locus branch between two open loop zeros, then there will be a break-in point in
between these two open loop zeros.

Note — Break-away and break-in points exist only on the real axis root locus branches.
Follow these steps to find break-away and break-in points.

g Write KK in terms of ss from the characteristic equation 1+G(s)H(s)=01+G(s)H(s)=0.
0 Differentiate KK with respect to s and make it equal to zero. Substitute these values of ss
0 The values of ss for which the KK value is positive are the break
points. Rule 7 — Find the angle of departure and the angle of arrival.
The Angle of departure and the angle of arrival can be calculated at complex conjugate open loop poles and complex conjugat¢
open loop zeros respectively.

The formula for the angle of deparuﬂbcbldis
¢d=18® —¢pd=1800-¢

The formula for the angle of arrivﬁ]@ais
¢$a=1800-4gp=1800+¢

N the




Where,
d=3> OP-3 GE5 PP-3$Z

Example

Let wus now draw the root locus of the control system having open loop transfer
function, G(s)H(s)=Ks(s+1)(s+5)G(s)H(s)=Ks(s+1)(s+5)

Step 1 - The given open loop transfer function has three poles at s=0,s=-1s=0,s=-1 and s=—5§

zero. Therefore, the number of root locus branches is equal to the number of poles of the open loop transfer function.

N=P=3\=P=3
jw
F'y
Root Locus Branch Root Locus Branch
7as > K >
-5 ] g o

Not a Root Locus Branch

The three poles are located are shown in the above figure. The line segment setwdsr—1 and=05=0is one branch of
root locus on real axis. And the other branch of the root locus on the real axis is the line segment to e felsot-5.
Step 2 - We will get the values of the centroid and the angle of asymptotes by using the given formulae.

Centroid a=—20=-2

The angle of asymptotes are 6=600,18000=600,1800 and 30003000.

The centroid and three asymptotes are shown in the following figure.




Asymptote with 60%angle

Asymptote with 180%angle

P
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Centroid=-2

Asymptote with 300%angle

Step 3 - Since two asymptotes have the angle680600 andB0M3000, two root locus branches intersect the imaginary
axis. By using the Routh array method and special case(ii), the root locus branches interse
Vj5 and —j5—V-ij5.

There will be one break-away point on the real axis root locus branch between the poles s=
following the procedure given for the calculation of break-away point, we will get it as s=-0

The root locus diagram for the given control system is shown in the following figure.
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Break away
point=-0.473
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In this way, you can draw the root locus diagram of any control system and observe the movement of poles of the closed loof

transfer function.

From the root locus diagrams, we can know the range of K values for different types of damping.

Effects of Adding Open Loop Poles and Zeros on Root Locus

The root locus can be shifted in ‘s’ plane by adding the open loop poles and the open loop zeros.

g !fweinclude a pole in the open loop transfer function, then some of root locus branches will move towards right half
of ‘s’ plane. Because of this, the damping ratio 80 decreases. Which implies, damped frgfuen
the time domain specifications like delay time tdtd, rise time trtr and peak time tptp defjease
system stability.

g !fwe include a zero in the open loop transfer function, then some of root locus branches will move towards left half of
‘s’ plane. So, it will increase the control system stability. In this case, the damping ratio $Jincre

damped frequency wdwd decreases and the time domain specifications like delay time|jfitd, r
time tptp increase.

So, based on the requirement, we can include (add) the open loop poles or zeros to the transfer function.

Frequency Response Analysis

We have already discussed time response analysis of the control systems and the time domain specifications of the
second order control systems. In this chapter, let us discuss the frequency response analysis of the control systems

and the frequency domain specifications of the second order control systems.




What is Frequency Response?

The response of a system can be partitioned into both the transient response and the steady state response. We
can find the transient response by using Fourier integrals. The steady state response of a system for an input
sinusoidal signal is known as the frequency response. In this chapter, we will focus only on the steady state
response.

If a sinusoidal signal is applied as an input to a Linear Time-Invariant (LTI) system, then it produces the steady

state output,

which is alsodal sinusoidal signal. The input and output sinusoidal signals have the same frequency, but different
amplitudes an

phase angles. Let the input signal be - r(t)=Asin(wOt)t)=Asin(wO0t)

The open loop transfer function will be -
G(s)=G(jwH(s)=G(jw)

We can represet@(joo)G(jw) in terms of magnitude and phase as shown below.

G(jw)=IG(jw)| £ G(j@)iw)=IG(iw) G(w)

Substitute W=W0W=0Gd@he above equation.
G(ju0)=|G(jw0)| £ G (ju@)w0)=|G (j0w0)| £ G(jw0)
The output signal is
c(t)=A|G(jw0)|sin(wO0t+ £ G(jw@BA|G(jwO0)|sin(wlt+ £ G(jw0))
0 The amplitude of the output sinusoidal signal is obtained by multiplying the amplitude of the input sinusoidal signal

and the magnitude of G(jw)G(jw) at W=w0w=w0.
The phase of the output sinusoidal signal is obtained by adding the phase of the input sinusoidal signal and the phase
of G(jw)G(jw) at W=wW0wW=w0.

Where,

O A isthe amplitude of the input sinusoidal signal.

0 w0 is angular frequency of the input sinusoidal signal.

We can write, angular frequency wOwO0 as shown below.
wo=211b000=2T11f0

Here, fG0 isthefrequencyoftheinputsinusoidalsignal. Similarly, you can follow the same procedure for closed loop control
system.

Frequency Domain Specifications

Thefrequencydomainspecifications areresonant peak, resonant frequency and bandwidth.

Consider the transfer function of the second order closed loop control system as,

T(s)=C(S)R(S)=w2Nns2+20w 8riE)=C(S)R(S)=0n2s2+23wns+wn2




Substitute S=j(WB=jwin the above equation.
T(jw)=w2n(jw)2+2dwn(jw)+TgRE)=wn2(jw)2+28wn(jw)+wn2

=T(jw)=w2n-w2+2jdwwn+w2n=w2nw2n(1-w2632mE3) w2 Jw2+2jdwwn+wn2=wn2wn2(1-w2wn2+2jdw
wn)

2T(w)=1(1-w2w2n)+j(28ETGr)=1(1-w2wn2) +j(25wwn)

Let, WWN=uwwn=u Substitute this value in the above equation.
T(jw)=1(1-u2)+j(200)jw)=1(1-u2)+j(25u)

Magnitude of T (Jo) T (jw) IS -
M=|T(jw)|=1(1-u2)2+(28u)2———————————— M=YT (jw)|=1(1-u2)2+(25u)2

Phase ofl jw)T(jw) Is -
ZT(jw)=—tan—-1(20ul-u2)jw)=-tan-1(25ul-u2)

Resonant Frequency

It is the frequency at which the magnitude of the frequency response has peak value for the first time. It is deddal by
At w=wrw=wr, the first derivate of the magmnjtyde«s. T(jw)
Differentiate MM with respect to uu.
dMdu=-12[(1-u2)2+(28u) 32(1-a )(-2u)+2(25u) (28)1du=-12[(1-u2)2+(25u)2]-32[2(1-u2)(-2u)+2(25u)(
20)]
=dMdu=-12[(1-u2)2+(25u)2]-32[4u(u221£2u=-12[(1-u2)2+(25u)2]-32[4u(U2-1+252)]

Substitute, u=uru=ur and dMdu==0dMdu==0 in the aboveequation.
0=-12[(1-u2r)2+(25ur)2]-32[4ur(u2r—162&2)(1-ur2)2+(28ur)2]-32[4ur(ur2-1+252)]

=4ur(u2r-1+202)=Btur(ur2-1+252)=0
=Uu2r-1+202=9ur2-1+252=0
=u2r=1-282ur2=1-2352
=ur=1-262-———--= =fur=1-252

Substitute, ur=wrwnur=wrwn in the above equation.
wron=1-232-————- ovon=1-252

=>wr=wnl-262————- =\or=wnl1-252

Resonant Peak

It is the peak (maximum) value of the magnitudd §f)T(jw).It is denoted by MrMr.

At u=uru=ur, the Magnif(id8 o) is -
Mr=1(1-wp+(28ur)2-————————————- ~Mr=1(1-ur2)2+(23ur)2

SubstituteUr=1-282————— —0f=1-252and 1 —U2r=2&2ur2=252 in the above equation.




Mr=1(202)2+(251-262—————- V)2-————m Mr=1(252)2+(251-252)2

>Mr=1281-32————- VE=1251-52

Resonant peak in frequency response corresponds to the peak overshoot in the time domain transient response for certain valgp
of damping ratio 8. So, the resonant peak and peak overshoot are correlated to each other.

Bandwidth

It is the range of frequencies over which, the magnitude of T(jw)T(jw) drops to 70.7% from its z¢f

At w=0w=0, the value of uu will be zero.
Substitute, u=0u=0in M.
M=1(1-02)2+(25(0))2————————————————¥#=11 (1-02)2+(25(0))2=1

Therefore, the magnitude df(JW)T(jw) is one &0=Qv=0
At 3-dB frequency, the magnitudedf(jC)T(jw) willbe70.7% ofmagnitudeof T(jw)T(w) atw=0v=0.
i.e., atw=uB,M=0.707(1)22vw=wB,M=0.707(1)=12

=>M=12—/=1(1-ebp +(20ub)2——————————————~ WW212=1(1-ub2)2+(25ub)2

=2=(1-u2b)2+(20)2uZst>-ub2)2+(25)2ub2

Let, U2b=Mb2=x
=2=(1-X)2+(20)2XZ2(1-x)2+(28)2x

=X2+(402-2)x—1=0=2+(462-2)x-1=0
=X=—(402-2)+(402-2)2+4-—————————= VR=pA52-2)+(452-2)2+42

Consider only the positive value of x.

x=1-282+(2062-1)2+1————————-— *=1-252+(252-1)2+1
=x=1-202+(2-402+484)——————————— XEE252+(2-402+454)
Substitute, x=u2b=w2bw2nx=ub2=wb2wn2
wW2bw2n=1-252+(2-452+454)———————— -wh20h2=1-252+(2-452+454)
=wb=wn1-26 +(2-462+464)———————————— T ~wb=t1-252+(2-452+454)

Bandwidthbwbin the frequency response is inversely proportienattkoritedbis&iiassient response.
ControlSystems - BodePlots

The Bode plot or the Bode diagram consists of two plots -

0 Magnitude plot
0 Phase plot

In both the plots, x-axis represents angular frequency (logarithmic scale). Whereas, yaxis represents the magnitude (linear scalr
of open loop transfer function in the magnitude plot and the phase angle (linear scale) of the open loop transfer function in th|
phase plot.
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The magnitude of the open loop transfer function in dB is -

M=20log|G(jw)H(jcoNi=20log|G (jw)H(jw)]|

The phase angle of the open loop transfer function in degrees is -
$=2LG(jw)H(j¥ £ G(jw)H(w)
Note — The base of logarithm is 10.

Basic of Bode Plots

The following table shows the slope, magnitude and the phase angle values of the terms present in the open loop transfejf

function. This data is useful while drawing the Bode plots.

Type G(jw)H(jw) Slope(d Magnitude (dB)
of Bl/dec)

term
Const KK 00 20logK20logk
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Zero .
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Considerthe openlooptransferfunctionG(S)H(S)=Kz(s)H(s)=K.
MagnitudeM=20l0gKM=20logKdB
If K=1K=1thenmagnitudeisO dB.
If K>1K>]thenmagnitudewill be positive.
If K<1K<Jthenmagnitudewill be negative.
Thefollowing figureshowsthecorresponding Bode plot.
M (dB)
A
K=>1
20l0g K |--—-—--==rmmmmmmmmm e
K=1
>
0 log w
—20log K }-------——=———mmm e
0<K<1




0 (degrees)
A

0<K< o

log

The magnitude plot is a horizontal line, which is independent of frequency. The 0 dB line itself is the magnitude plot
when the

value of K is one. For the positive values of K, the horizontal line will shift 20logK20logK
dB above the 0 dB line. For the negative values of K, the horizontal line will shift
20logK20logK dB below the 0 dB line. The Zero degrees line itself is the

phase plot for all the positive values of K.

Consider the open loop transfer function G(s)H(s)=sG(s)H(s)=s.

Magnitude M=20logwM=20logw dB

Phase angle $=900$=900

At w=0.1w=0.1 rad/sec, the magnitude is -20 dB.

At w=1w=1 rad/sec, the magnitude is 0 dB.

At w=10w=10 rad/sec, the magnitude is 20 dB.

The following figure shows the corresponding Bode plot.

M (dB)
A
20 +
c
0(0.1 1 10 log @
—20 -




@ (degrees)
A

20

0 >
log

The magnitude plot is a line, which is having a slope of 20 dB/dec. This line started at W=0.%v=0.1 rad/sec having a

magnitude of -20 dB and it continues on the same slope. It is touching 0 dB line at w=1w=1 radys
plot

is 900 line.
Consider the open loop transfer function G(s)H(s)=1+s1G(s)H(s)=1+sT.
Magnitude M=20log1+w212——————- VM=20log1l+w?212 dB

Phase angle ¢=tan-1lwtd=tan—-1wt degrees

For w<ltw<1t, the magnitude is 0 dB and phase angle is O degrees.

For w>1tw>1t1, the magnitude is 20logwt20logwt dB and phase angle is 900. The
following figure shows the corresponding Bode plot.
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The magnitude plot is having magnitude of 0 dB Up&ltw=11 rad/sec. Fram=Ltw=1t rad/sec, it is having a slope of 20
dB/dec. In this case, the phase plot is having phase angle of 0 degrees U@L tw=11 rad/sec and from here, it is having
phase angle of 900. This Bode plot is called the asymptotic Bode plot.

As the magnitude and the phase plots are represented with straight lines, the Exact Bode plots resemble the asymptotic Bode
plots. The only difference is that the Exact Bode plots will have simple curves instead of straight lines.

Similarly, you can draw the Bode plots for other terms of the open loop transfer function which are given in the table.

Control Systems - Construction of Bode Plots

In this chapter, let us understand in detail how to construct (draw) Bode plots.

Rules for Construction of Bode Plots
Follow these rules while constructing a Bode plot.
O Represent the open loop transfer function in the standard time constant form.

O Substitute, s=jws=jw in the above equation.
O Find the corner frequencies and arrange them in ascending order.
a

Consider the starting frequency of the Bode plot as 1/10th of the minimum corner frequency or 0.1 rad/sec whichever i$
smaller value and draw the Bode plot upto 10 times maximum corner frequency.
Draw the magnitude plots for each term and combine these plots properly.

Draw the phase plots for each term and combine these plots properly.

Note — The corner frequency is the frequency at which there is a change in the slope of the magnitude plot.

Example
Consider the open loop transfer function of a closed loop control system

G(S)H(s)=10s(s+2)(s+B)s)H(s)=10s(s+2)(s+5)

Let us convert this open loop transfer function into standard time constant form.




G(S)H(S)=10s2(s2+1)5(S53@)H(s)=10s2(s2+1)5(s5+1)

=G(s)H(s)=s(1+s2)(1+s8)(s)H(s)=s(1+s2)(1+S5)

So, we can draw the Bode plot in semi log sheet using the rules mentioned earlier.

Stability Analysis using Bode Plots
From the Bode plots, we can say whether the control system is stable, marginally stable or unstable based on the values of theF

parameters.

0 Gain cross over frequency and phase cross over frequency
0 Gain margin and phase margin

Phase Cross over Frequency

The frequency at which the phase plot is having the phase of -1800 is known as phase cross over frequency. It is denot§
by wpcwpc. The unit of phase cross over frequency is radlsec.

Gain Cross over Frequency

The frequency at which the magnitude plot is having the magnitude of zero dB is known as gain cross over frequency. It is
denoted by wgcwgc. The unit of gain cross over frequency is rad/sec.

The stability of the control system based on the relation between the phase cross over frequency and the gain cross ovef
frequency is listed below.

g If the phase cross over frequency wpcwpc is greater than the gain cross over frequengy wgc

system is stable.

If the phase cross over frequency wpcwpc is equal to the gain cross over frequency wgqigc, |

is marginally stable.

If the phase cross over frequency wpcwpc is less than the gain cross over frequency wg(
is unstable.

Gain Margin

Gain marginGMGM isequaltonegativeofthemagnitudeindBatphasecrossoverfrequency.
GM=20log(1Mpc)=20logMe®=20log(1Mpc)=20logMpc

Where,l\/lpﬂk/lpc isthemagnitude at phase cross over frequency. The unit of gain margin (GM) is dB.

Phase Margin

The formula for phase marglMPM is
PM=1800+¢xPM=1800+¢gc

Where, dgcdgc is the phase angle at gain cross over frequency. The unit of phase margin is deg

The stability of the control system based on the relation between gain margin and phase margin is listed below.

g [f both the gain margin GMGM and the phase margin PMPM are positive, then the controjf

Ihac,

rees

5ySte

H If both the gain margin GMGM and the phase margin PMPM are equal to zero, then the qpntrol

is marginally stable.
If the gain margin GMGM and / or the phase margin PMPM are/is negative, then the contjg

| sys




Control Systems - Polar Plots

In the previous chapters, we discussedthe Bode plots. There, wehave two separateplotsfor both magnitude and phase as the
function of frequency. Let us nowdiscuss about polar plots. Polarplot is a plotwhichcan be drawn between magnitude and
phase. Here, the magnitudes are represented by normal values only.
The polar form of G(jw)H(w)G(w)H(jw) is

G(jw)H(jw)=|G(jw)H(jwY G(jw)H(jug(w)H(w)=IG(w)H({w) G(w)H(w)

The Polar plot is a plot, which can be drawn between the magnitude and the phaseGiige )3l (jw) G (jow)H (joy)
varying ww from zero to «. The polar graph sheet is shown in the following figure.
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This graph sheet consists of concentric circles and radial lines. The concentric circles and the radial lines
represent the magnitudes and phase angles respectively. These angles are represented by positive values in
anti-clock wise direction. Similarly, we can represent angles with negative values in clockwise direction. For
example, the angle 2700 in anti-clock wise direction is equal to the angle —900 in clockwise direction.

Rules for Drawing Polar Plots

Follow these rules for plotting the polar plots.




O Substitute S=j(s=jw in the open loop transfer function.

Write the expressions for magnitude and the pha&s(§0)H(jw )5 (joo)H(jw).

[ Find the starting magnitude and the phas&¢jtd)H(j0)G (jw)H(jw) by substituting=0=0 So, the polar plot
starts with this magnitude and the phase angle.

O Find the ending magnitude and the phas&dj)H(jw)G(jw)H(jw) by substitutir@=0w=c. So, the polar plot
ends with this magnitude and the phase angle.

O Check whether the polar plot intersects the real axis, by making the imaginary term
of G(jw)H(jw)G(jw)H(jw) equal to zero and findwhe value(s) of w.

O Check whether the polar plot intersects the imaginary axis, by making real &) H(jw)G(jw)H(jw)equal to
zero and find the value(s) of ww.

O Fordrawing polar plot more clearly, find the magnitude and pha@a(jﬁ))H(j&)b(jw)H(jm) by considering the
other value(s) of ww.

O

Example
Consider the open loop transfer function of a closed loop control system.

G(S)H(s)=5s(s+1)(sH2]s)H(s)=5s(s+1)(s+2)

Let us draw the polar plot for this control system using the above rules.

Step 1 - Substitute, s=jws=jw in the open loop transfer function.
G(jw)H(jow)=5jw(jo+1)(jw+B)jw)H([w)=5jw(jw+1)(jw+2)

The magnitude of the open loop transfer function is

M=5w(w2+1-———- V)(Ww2+4————MB50(w2+1)(w2+4)

The phase angle of the open loop transfer function is

$=-900-tan-1w-tan-¢&D00-tan-1w-tan-1w?2

Step 2 - The following table shows the magnitude and the phase angle of the open loop transfer fedgtdn=0rad/sec
and w=cow=c rad/sec.

Frequency (rad/sec) Magnitude Phase angle(degrees)
0 00 -90 or 270
00 0 -270 or 90

So, the polar plot starts at («,-900) and ends at (0,-2700). The first and the second terms within the brackets indicate th§

magnitude and phase angle respectively.

Step 3 - Based on the starting and the ending polar co-ordinates, this polar plot will intersect the negative real axis. The phas§

angle corresponding to the negative real axis is —1800 or 1800. So, by equating the phase angle of the open loop transfer funci

to either —1800 or 1800, we will get the ww value as 2—V2.

P




By substituting=2—=2 in the magnitude of the open loop transfer function, we MF§eB3vI=0.83 Therefore,
the polar plot intersects the negative real axis when w=2—/w=2 and the polar coordinate is (0.8

So, we can draw the polar plot with the above information on the polar graph sheet.

Control Systems - Nyquist Plots

Nyquist plots are the continuation of polar plots for finding the stability of the closed loop control systems by varying w from
—co to 0. That means, Nyquist plots are used to draw the complete frequency response of the open loop transfer function.

Nyquist Stability Criterion

The Nyquist stability criterion works on the principle of argument. It states that if there are P poles and Z zeros are enclosed

by the ‘s’ plane closed path, then the correspendi)pl@is)m(st encircle the origin P-ZP-Ztimes.|H

we

can write the number of encirclements N as,
N=P-ZN=P-Z

0 !fthe enclosed ‘s’ plane closed path contains only poles, then the direction of the encirclement in
the G(s)H(s)G(s)H(s) plane will be opposite to the direction of the enclosed closed path i

If the enclosed ‘s’ plane closed path contains only zeros, then the direction of the encirclement in

—18(

the

the G(s)H(s)G(s)H(s) plane will be in the same direction as that of the enclosed closed pfth in

Let us now apply the principle of argument to the entire right half of the ‘s’ plane by selecting it as a closed path. This selecte¢§
path is called the Nyquistcontour.

We know that the closed loop control system is stable if all the poles of the closed loop transfer function are in the left half of
the ‘s’ plane. So, the poles of the closed loop transfer function are nothing but the roots of the characteristic equation. As t
order of the characteristic equation increases, it is difficult to find the roots. So, let us correlate these roots of the characteris:ﬂ
equation as follows.

[0 The Poles of the characteristic equation are same as that of the poles of the open loop transfer function.

0 The zeros of the characteristic equation are same as that of the poles of the closed loop transfer function.

We know that the open loop control system is stable if there is no open loop pole in the the right half of the ‘s’

plane. i.e.,PAQ=—ZP=0=>N=-Z

We know that the closed loop control system is stable if there is no closed loop pole in the right half of the ‘s’ plane.
i.e.,Z=8°N=PZ=0=>N=P

Nyquist stability criterion states the number of encirclements about the critical point (1+j0) must be equal to the poles off

characteristic equation, which is nothing but the poles of the open loop transfer function in the right half of the ‘s’ plane. The
shift in origin to (1+j0) gives the characteristic equation plane.

Rules for Drawing Nyquist Plots

Follow these rules for plotting the Nyquist plots.

g Locate the poles and zeros of open loop transfer function G(s)H(s)G(s)H(s) in ‘s’ plane.
0 Draw the polar plot by varying ww from zero to infinity. If pole or zero @esent-abs = 0, thé
infinity for drawing polar plot.

var




g Draw the mirror image of above polar plot for values of ww ranging from —o to zero (0- if

0 s=0).
The number of infinite radius half circles will be equal to the number of poles or zeros at origin. The infinite radius
half circle will start at the point where the mirror image of the polar plot ends. And this infinite radius half circle will
end at the point where the polar plot starts.

After drawing the Nyquist plot, we can find the stability of the closed loop control system using the Nyquist stability criterion.
If the critical point (-1+j0) lies outside the encirclement, then the closed loop control system is absolutely stable.

Stability Analysisusing Nyquist Plots
From the Nyquist plots, we can identify whether the control system is stable, marginally stable or unstable based on the values
of these parameters.

0 Gain cross over frequency and phase cross over frequency

0 Gain margin and phase margin

Phase Cross over Frequency

The frequency at which the Nyquist plot intersects the negative real axis (phase angle is 1800) is known as the phase cross oyEr

frequency. It is denoted by wpcwpc.

Gain Cross over Frequency

The frequency at which the Nyquist plot is having the magnitude of one is known as the gain cross over frequency. It is|
denoted by wgcwgc.

The stability of the control system based on the relation between phase cross over frequency and gain cross over frequency is
listed below.

g If the phase cross over frequency wpcwpc is greater than the gain cross over frequendgy

system is stable.

ANy |

wgc

If the phase cross over frequency wpcwpc is equal to the gain cross over frequency wgqigc, |

is marginally stable.

If phase cross over frequency wpcwpc is less than gain cross over frequency wgcwgg
is unstable.

Gain Margin

The gain margin GMGM is equal to the reciprocal of the magnitude of the Nyquist plot at the phg
GM=1MpEM=1Mpc

Where, MpcMpc is the magnitude in normal scale at the phase cross over frequency.

Phase Margin

ther

€ CIr

The phase margin PMPM is equal to the sum of 1800 and the phase angle at the gain cross ovf freq

PM=180 +¢{cPM=1800+¢gc

Where, ¢gcdgc is the phase angle at the gain cross over frequency.

The stability of the control system based on the relation between the gain margin and the phase margin is listed below.




g !fthe gain margirGMGM is greater than one and the phase maE'HMPMis positive, then the control system
is stable.

g !fthe gain margifGMGM is equal to one and the phase mar&rM’M is zero degrees, then the control system
is marginally stable.

g !fthe gain margirGMGM is less than one and / or the phase maFHMPMis negative, then the control system
is unstable.

Control Systems - Compensators

There are three types of compensators — lag, lead and lag-lead compensators. These are most commonly used.

Lag Compensator

The Lag Compensator is an electrical network which produces a sinusoidal output having the phase lag when a sinusoidal inpu
is applied. The lag compensator circuit in the ‘s’ domain is shown in the following figure.

AN
+ R, +

v;(S) V{?(s)

Here, the capacitor is in series withRth@d esist@uRs measured across this combination.

The transfer function of this lag compensator is -

Vds)V (s)=1a(s+1ts)Vo(s)Vi(s)=1a(s+1ts+1ar)

Where,
=R2G=R2C

0=R1+R2R2ZR1+R2R2

From the above equation, aa is always greater than one.

From the transfer function, we can conclude that the lag compensator has one pole at s=—1atsH
at s=—1ts=-1t1. This means, the pole will be nearer to origin in the pole-zero configuration of th§

Substitute, s=jws=jw in the transfer function.
Vdjw)Vi(jw)=1la(jew+1Tjwiar)Vo(jw)Vi(jw)=1la(w+1Ttjw+1ar)

1ot

ag C



Phase angl=tan10T-tan DWTd=tan-1wr-tan-1lawt
We know that, the phase of the output sinusoidal signal is equal to the sum of the phase angles of input sinusoidal signal and th

transfer function.

So, in order to produce the phase lag at the output of this compensator, the phase angle of the transfer function should be
negative. This will happen when a>1o>1.

Lead Compensator

The lead compensator is an electrical network which produces a sinusoidal output having phase lead when a sinusoidal input ig
applied. The lead compensator circuit in the ‘s’ domain is shown in the following figure.

1/sC

vi(s) 2 v,(s)

Here, the capacitor is parallel to the resistor R1R1 and the output is measured across resistor 4R

The transfer function of this lead compensator is -

VdS)Vi(s)=B(sT+1Bst+Vp(s)Vi(s)=R(sT+1PBsT+1)

Where,
=R1G=R1C

B=R2R1+RZR2R1+R2

From the transfer function, we can conclude that the lead compensator hasSgetd Bs=—1fhnd zero a=—1ps=—1fT1.

Substitute S=j(B=jw in the transfer function.
Vjw)Vi(jw)=B(jot+1BjwT+No(jw)Vi(jw)=R(jet+1Rjwt+1)

Phase angl=tar1wT-tan—1Bwetan-1wr-tan-1pwt
We know that, the phase of the output sinusoidal signal is equal to the sum of the phase angles of input sinusoidal signal and tij

transfer function.




So, in order to produce the phase lead at the output of this compensator, the phase angle of the transfer function should b
positive. This will happen when 0<f3<10<[<1. Therefore, zero will be nearer to origin in pole-zejq

compensator.

Lag-Lead Compensator

Lag-Lead compensator is an electrical network which produces phase lag at one frequency region and phase lead at otH
frequency region. It is a combination of both the lag and the lead compensators. The lag-lead compensator circuit in the ‘s
domain is shown in the following figure.

1/SC1
| |
|

AN
R,

?|

WL(S) Vﬂ(s)

This circuit looks like both the compensators are cascaded. So, the transfer function of this circuit will be the product of transfe
functions of the lead and the lag compensators.

VdS)Vi(s)=B(stl+1Bstl+1)1la(s#1t@HVo(s)Vi(s)=p(stl+1Bstl+1)la(s+112s+10aT2)

We know0O3=1np=1.
=Vo(s)Vi(s)=(s+1tls+1[B11)(SHE@eNo(s)Vi(s)=(s+111s+1P11)(s+112s+10T2)

Where,
11=R1C#1=R1C1

12=R2C2=R2C2

Control Systems - Controllers

The various types of controllers are used to improve the performance of control systems. In this chapter, we will discuss the
basic controllers such as the proportional, the derivative and the integral controllers.

con



Proportional Controller

Theproportionalcontrollerproducesan output, which is proportional to error signal.

u(t)ae(t)u(t)ae(t)
—U(t)=KPe(tu(t)=KPe(t)
Apply Laplace transform on both the sides -
U(s)=KPE(B)s)=KPE(s)
U(s)E(s)=KPU(s)E(s)=KP

Therefore, the transfer function of the proportrxral controller is K
Where,

U(s) is the Laplace transform of the actuating signal u(t)
E(s) is the Laplace transform of the error signal e(t)
KP is the proportionality constant

The block diagram of the unity negative feedback closed loop control system along with the proportional controller is shown in
the following figure.

E(s) U(s)
s i Kp —r-s G(s) -C(sl)-

Theproportionalcontrollerisusedto change the transient response as per the requirement.

Derivative Controller
Thederivativecontrollerproducesan output, which is derivative of the error signal.

u(t)=Kode(t)dtu(t)=KDde(t)dt

Apply Laplace transform on both sides.
U(s)=KDsE(9)(s)=KDsE(s
U(S)E(s)=K09

Therefore, the transfer function of the derivative controll&lﬁg@%@):KD

S




Where, KDKD is the derivative constant.

The block diagram of the unity negative feedback closed loop control system along with the derivative controller is shown in
the following figure.

E ]
R(s) + (s) —_p (s) — .C(sl

The derivative controller is used to make the unstable control system into a stable one.

Integral Controller
The integral controller produces an output, which is integral of the error signal.

u(t)=Klfe(t)dt(t)=KIfe(t)dt

Apply Laplace transform on both the sides -
U(s)=KIE(S)8/(s)=KIE(s)
U(S)E(s)=K s
(s)E(s)=KI

Therefore, the transfer function of the integral c:ontrolltia¢|s'd£ISL.J

Where, KIKI is the integral constant. S

The block diagram of the unity negative feedback closed loop control system along with the integral controller is shown in the
following figure.

E(s) U(s) C
e K;/s }—»| G(s) o (51

The integral controller is used to decrease the steady state error.




Let us now discuss about the combination of basic controllers.
Proportional Derivative (PD) Controller

The proportional derivative controller produces an output, which is the combination of the outputs of proportional and
derivative controllers.

u(t)=KPe(t)+KDde(t)d)=KPe(t)+KDde(t)dt
Apply Laplace transform on both sides -
U(s)=(KP+KDs)E(8]s)=(KP+KDs)E(S)

U(s)E(s)=KP+KD4#s)E(s)=KP+KDs

Therefore, the transfer function of the proportional derivative controlléPsK BKP+KDs

The block diagram of the unity negative feedback closed loop control system along with the proportional derivative controller is
shown in the following figure.

E 1]
R(s) + (s) ——— (51 — .C(sl

The proportional derivative controller is used to improve the stability of control system without affecting the steady state error.
Proportional Integral(Pl) Controller

The proportional integral controller produces an output, which is the combination of outputs of the proportional and integral
controllers.

u(t)=KPe(t)+Klfe(t)dit)=KPe(t)+KIfe(t)dt
Apply Laplace transform on both sides -
U(s)=(KP+KIS)E(&)(s)=(KP+KIS)E(s)

U(S)E(s)=KP+KIg(s)E(s)=KP+Kls

Therefore, the transfer function of proportional integral controll s P +KIs.

The block diagram of the unity negative feedback closed loop control system along with the proportional integral controller i s
shown in the following figure.




R(s) +<» E(s) x, 1 Y(s) C(s)

The proportional integral controller is used to decrease the steady state error without affecting the stability of the control system

Proportional Integral Derivative(PID) Controller

The proportional integral derivative controller produces an output, which is the combination of the outputs of proportional,
integral and derivative controllers.

u(t)=KPe(t)+Klfe(t)dt+KDde(t)dt)=KPe(t)+KIfe(t)dt+KDde(t)dt
Apply Laplace transform on both sides -
U(s)=(KP+KIs+KDs)E(8]s)=(KP+KIs+KDs)E(s)
U(S)E(s)=KP+KIls+KDKs)E(s)=KP+KIs+KDs
Therefore, the transfer function of the proportional integral derivative controbePs +KBKP+KIs+KDs.

The block diagram of the unity negative feedback closed loop control system along with the proportional integral derivative
controller is shown in the following figure.

E(s) U(s) C(s)

R(s) +
Kp ++Kps M G(s) et

The proportional integral derivative controller is used to improve the stability of the control system and to decrease steady state]
error.

Control Systems - State Space Model

The state space model of Linear Time-Invariant (LTI) system can be represented as,

X =AX+BUX =AX+BU




Y=CX+DUY=CX+DU

The first and the second equations are known as state equation and output equation respectively.
Where,

g Xand X' X" are the state vector and the differential state vector respectively.
0 UandY are input vector and output vector respectively.

O A is the system matrix.
0 B and C are the input and the output matrices.

D is the feed-forward matrix.

O
Basic Concepts of State Space Model

The following basic terminology involved in this chapter.

State

It is a group of variables, which summarizes the history of the system in order to predict the future values (outputs).
State Variable

The number of the state variables required is equal to the nhumber of the storage elements present in the system.
Examples — current flowing through inductor, voltage across capacitor

State Vector

It is a vector, which contains the state variables as elements. In the earlier chapters, we have discussed two
mathematical models of the control systems. Those are the differential equation

model and the transfer function model. The state space model can be obtained from any one of these two
mathematical models.

Let us now discuss these two methods one by one.

State Space Model from Differential Equation
Consider the following series of the RLC circuit. It is having an input voIMijé)vi(t) and the current flowing through the
circuit is i(t)i(t).

i(t) R L

+
wi(t) w(t) ¢




There are two storage elements (inductor and capacitor) in this circuit. So, the number of the state variables is equal to two ang
these state variables are the current flowing thraqugnththmdaotttayeiégross capacitor, ve(t)ve(t).
From the circuit, the output voltage, vO(t)vO(t) is equal to the voltage across capacitor, vc(t)vce(t)
va(t)=vdt) vo(t)=vc(t)
Apply KVL around the loop.
Vi(t)=Ri(t)+Ldi(t)dt+vec(tyit)=Ri(t)+Ldi(t)dt+vc(t)

—di(t)dt=—Ri(t)L-vc(t)L+Vi(t)l=di(t)dt=—Ri(t)L-vc(t)L+vi(t)L

The voltage across the capacitor is -

vc(t)=1Cfi(t)dec(t)=1Cli(t)dt

Differentiate the above equation with respect to time.

dvc(t)dt=i(t)Cve(t)dt=it)C

state vectorX=[i(t)vdt)] X=[i(tyve(t)]
Differential state vectosX =F| di(t)dtdv: (vdf |X =[di()dtcve(d]

We can arrange the differential equations and output equation into the standard form of state space model as,

X =F|ditdtdw ()dy |=[-RLIC-DI[i€)v ()]+[ QJ[v(t)] X =[di(t)dtdve(D)dt]=[-RL-1L1CO][i(t)ve()]+[LLO][vi(t)]
Y=[01][i(t)va(t)] Y=[01]fi(t)ve ()]

Where,
A=[-RL1C-0Il,B=[1L0],C=[01]andD=[0A=[-RL-1L1C0],B=[1L0],C=[01]andD=[0]

State Space Modelfrom Transfer Function
Consider the two types of transfer functions based on the type of terms present in the numerator.
O Transfer function having constant term in Numerator.

0 Transfer function having polynomial function of ‘s’ in Numerator.

Transfer function having constant term in Numerator
Consider the following transfer function of a system

Y (s)U(s)=b0sn-+ais-1+...+als+ay (s)U(s)=b0sn+an-1sn-1+...+als+a0

Rearrange, the above equation as

(Sn+an—1sn+1.+aO)Y(S)=bOU(S)]+an—1sn—1+...+a0)Y(s):bOU(s)

Apply inverse Laplace transform on both sides.

dny(t)dtn+a-1ch-1y(t)din-1+...+aldy(t)dt+a0y(t)=bOuity(t)dtn+an-1dn-1y(t)dtn-1+...+aldy(t)dt+aOy(t)=bOu(t)

Let




y(t)=x1y(t)=x1
dy(t)dt=x2=xidy(t)dt=x2=x"1

d2y(t)dt2=x3=rd2y(t)dt2=x3=x"2

dn-g(t)dtn—1=x =a-1dn-1y(t)dtn—-1=xn=x"n-1
dny(t)db =xndny(t)dtn=x"n

andu(t)=wi(t)=u
Then,

X n+a-1xnt+...+alx2+a0x1=bOo+an—1xn+...+alx2+a0x1=b0u

From the above equation,wecanwritethefollowingstateequation.

X n=—a0x1l—-alx2-..—&mbOw n=—a0x1l-alx2-...—an—-1xn+bOu

The output equation is -

y(t)=y=xd(t)=y=x1

The state space model is -

R[] X & -2 n] [ []]]]]X =[x 1x 2ix n-1x ]
=Fl|||||||00:0-@ 10:0—a 01:0-A..................E :0-@0—200:1-an—11] | [[ [ [|FLI1 1[I x1x2:xH1kn| [+ ||
|[1]/0G 0bO1][[]]|[td[010...00001...00:...::000...01-a0-al-a2...~an-2-an-1][x1x2ixn-1xn]+[00:0b0][u]
Y=[10...00FL|||]|||x1x2:xn=1xn]l||||||Y=[10...00][x1x2:xn—1xn]

Here,D=[0].D=[0].
Example

Find the state space model for the systemhavingtransferfunction.

Y(s)U(s)=1s2+sH(s)U(s)=1s2+s+1

Rearrange, the above equation as,

(s2+s+1)Y(s)=U(&2+s+1)Y(s)=U(s)

Apply inverse Laplace transformonboththesides.

d2y(t)dt2+dy(t)dt+y () =uy(t)dt2+dy(t)dt+y(t)=u(t)

Let




y(t)=x1y(t)=x1

dy(t)dt=x2=xidy(t)dt=x2=x"1

andu(t)=wi(t)=u

Then, the state equation is

X 2=—X1-X2+xi2=-x1-x2+u
The output equation is
y()=y=x¥(t)=y=x1
The state space modelis
X =[x 1x 2]=[0-11-1][x1x2]+[01][M] =[x 1x 2]=[01-1-1][x1x2]+[01][u]
Y=[10][x1x2}=[10][x1x2]
Transfer function having polynomial function of ‘s’ in Numerator

Consider the following transfer function of a system

Y(s)U(s)=bnsn+bn-1sn-1+...+b1s+b0sn+an—1sn—1¥(skaEs=tmen+bn-1sn-1+...+bls+b0sn+an-1sn-1+...
+als+a0

=Y(s)U(s)=(1sn+an-1sn—-1+...+als+a0)(bnsn+bn-1sn—-1+=¥blE$BE0)sn+an—1sn-1+...+als+a0)(bnsn+
bn-1sn-1+...+b1s+b0)

The above equation is in theformofproductoftransferfunctionsoftwoblocks,whicharecascaded.

Y(S)U(S)=(V(S)U(s))(Y (S)V(SYX8)U(s)=(V(s)U(S)(Y(S)V(S))

Here,

V(s)U(s)=1sn+Ha1sn+1.+als+afs)U(s)=1sn+an-1sn-1+...+als+a0

Rearrange, the above equationas

(sn+a-1sn+1.+a0)V(s)=U(gyn+an-1sn—1+...+a0)V(s)=U(s)

ApplyinverseLaplace transformonboththesides.

dnv(t)dtn+a-1dnv(t)din-1+...+aldv(t)dt+aOv(t)=udiv(t)dtn+an—1dn-1v(t)dtn—1+...+aldv(t)dt+a0v(t)=u(t)
Let
v(t)=x1v(t)=x1
dv((t)dt=x2=xidv((t)dt=x2=x"1

d2v(t)dt2=x3=xd2v(t)dt2=x3=x"2




dn-¢(t)dtn—1=x =a-1dn-1v(t)dtn—-1=xn=x"n-1
dnv(t)db =xndnv(t)dtn=x"n

andu(t)=wi(t)=u
Then, the state equation is

X n=—a0x1—-alx2-..—&#uU x n=—aOx1-alx2-...—an—-1xn+u

Consider,

Y(s)V(s)=bnsn+b-1sn+1.+b1s+bs)V(s)=bnsn+bn-1sn—1+...+b1s+b0

Rearrange, the aboveequationas

Y(s)=(bnsn+ip-1sn+1.+b1s+b0)V(8)s)=(bnsn+bn-1sn—1+...+b1s+b0)V(s)

Apply inverse Laplace transform on both the sides.

y(t)=bndnv(t)dtn+b-1dnv{t)din-1+...+b1dv(t)dt+bOvi))=bndnv(t)dtn+bn—-1dn-1v(t)dtn—-1+...+b1dv(t)dt+bOv(t
)

By substituting the state variables zyﬁ):yy(t)=y in the above equation, will get the output equation as,
y=bnx n+bn-1xn+...+b1x2+pk n+bn-1xn+...+b1x2+b0Ox1

Substitute, x'nx'n value in the above equation.
y=bn(-a0x1-alx2-...—an—1xn+u)+bn—-1xn+...+bpebhb@k1-alx2-...—an—-1xn+u)+bn-1xn+...+b1x2+b0Ox1

y=(b0-bna0)x1+(b1l-bnal)x2+...+(bn—1-bnan-}be-kmao)x1+(b1-bnal)x2+...+(bn—1-bnan-1)xn+bnu

The state space model is

” [|]]X X 2 n-oXn][[{]]]][X =[x 1x 2:X n=1X"n]
=FL|[|]]|]00:0-a 10:0-A 01:0A................... :0-@0-200:1—an—11 [ [ [ [ IFLITT|T]x1x2:xn=Txn] [ [|[]|+FL] |
[111100:0b01] || ]]]]|[u]=[010...00001...00::...::000...01-a0-al-a2...~an-2-an-1][x1x2:xn—1xn]+[00:0b0][u]

Y=[b0-ma b -ma.bn-2-bmam-2 n-1-bnarM1] ||| || x1x2:xn=1xn1l|||]|||Y=[b0-bnaObl-bnal . bn-2-bnaj
2bn-1-bnan-1][x1x2:xn—1xn]

It bn=Bn=Q then,
Y=[bdat...bn-B n&[|||||]|x1x2:xn-1xn]l|||||||Y=[bOb1. bn-2bn—-1][x1x2:xn—1xn]

Control Systems - State Space Analysis

In the previous chapter, we learnt how to obtain the state space model from differential equation and transfer function. In this
chapter, let us discuss how to obtain transfer function from the state space model.




Transfer Function from State Space Model

WeknowthestatespacemodelofaLinearTime-Invariant(LTI)system is -

X' =AX+BUX =AX+BU
Y=CX+DUY=CX+DU
Apply Laplace Transform on both sides of the state equation.
SX(s)=AX(s)+BU(s9X(s)=AX(s)+BU(s)
—(SI-A)X(S)=BU(S}>(sl-A)X(s)=BU(s)
= X(S)=(sl-A)-1BU(sPX(s)=(sI-A)~1BU(s)

Apply Laplace Transform on both sides of the output equation.

Y (s)=CX(s)+DU(SY(s)=CX(s)+DU(s)
Substitute, X(s) value in the above equation.
=Y(s)=C(sl-A)—-1BU(s)+DU(s)Y(s)=C(sl-A)-1BU(s)+DU(s)
_Y(8)=[C(sI-A)—-1B+D]JU(SL,Y(s)=[C(sI-A)-1B+D]U(s)

- Y(S)U(s)=C(sl-A)-1B+DY(s)U(s)=C(sI-A)-1B+D

The above equation represents the transfer function of the system. So, we can calculate the transfer function of the system by
using this formula for the system represented in the state space model.

Note — When D=[0]D=[0], the transfer function will be
Y (s)U(s)=C(sI-A}1BY(s)U(s)=C(sI-A)-1B
Example
Let us calculate the transfer function of the system represented in the state space model as,
X =[x 1x 2]=[-11-10][x1x2]+[10][] =[x 1x 2]=[-1-110][x1x2]+[10][u]
Y=[01][x1x2}=[01][x1x2]

Here,

A=[-11-10],B=[10],C=[01]andD=[@}[-1-110],B=[10],C=[01]andD=[0]

The formula for the transfer function whB=[0]D=[0] is -
Y (s)U(s)=C(sI-A)—18B(s)U(s)=C(sI-A)-1B

Substitute, A, B & C matrices in the above equation.

Y(s)U(s)=[01][s+1-11s]}[10]Y(s)U(s)=[01][s+11-1s]-1[10]




=Y(s)U(s)=[01][s1-1s+1](s+1)s—1(—1)[1D(s)U(s)=[01][s-11s+1](s+1)s—1(-1)[10]
=Y(S)U(s)=[01][s1]s2+s+1=152+S:s)U(s)=[01][s1]s2+s+1=1s2+s+1
Therefore, the transfer function of the systemforthegivenstatespacemodelis
Y(s)U(s)=1s2+s+s)U(s)=1s2+s+1
State Transition Matrix and its Properties

If the system is having initial conditions,thenit will produce an output. Since, this output is present even in the absence of
input, it is called zero inputrespon$giR(t)XZIR (t).Mathematically, wecan write itas,
xZIRt)=eAtX(0)=LK{[sI-A]-1X(0)} xZIR(t)=eAtX(0)=L-1{[sI-A]-1X(0)}

From the above relation,Wecanwritethestatetransitionmatri>(|)(t)d)(t) as
d(t)=eAt=L—1[sI-A]oplt)=eAt=L-1[sI-A]-1

So, the zero input response can be obtained by multiplying the state transitiorﬂhéﬁ)¢(t/)iththeinitial conditions matrix.
Following are the properties of the state transition matrix.

g If t=0t=0, then state transition matrix will be equal to an Identity matrix.

¢(0)=th(0)=I

O Inverse of state transition matrix will be same as that of state transition matrix just by replcing ‘t' by *t'.

- 1)=d(-th-1(1)=¢(-1)

g t=ti+t2t=t1+t2 , then the corresponding state transition matrix is equal to the multiplication of the two state
transition matrices at t=t1t=t1 and t=tt=t2.

P(1+t2)=d(t1) P (RY1+12)=(t1)h(t2)
Controllabilityand Observability
Let us now discuss controllability and observability of control system one by one.

Controllability

A control system is said to be controllable if the initial states of the control system are transferred (changed) to some other|
desired states by a controlled input in finite duration of time.

We can check the controllability of a control system by using Kalman’s test.

g Write the matrix QcQc in the following form.

Qc=[BABA2B...An-1B]Qc=[BABA2B...An-1B]

O Find the determinant of matchQC and if it is not equal to zero, then the control system is controllable.

Observability




A control system is said to be observable if it is able to determine the initial states of the control system by observing the
outputs in finite duration of time.

We can check the observability of a control system by using Kalman’s test.

g Write the matsix QQo in following form.

Qo=[CTA C (AT)2CT...(ATn-1C ]Qo=[CTATCT(AT)2CT...(AT)n-1CT]

g Find the determinant obmatrix QQo and if it is not equal to zero, then the control system &

Example
Let us verify the controllability and observability of a control system which is represented in the state space model as,

X =[x 1X" 4=[-11-10][x1x2]+[10][uk =[x 1x 2]=[-1-110][x1x2]+[10][u}¥=[01]
[X1x2}=[01][x1x2]

Here,

A=[-11-10],B=[10],[01], D=[0]andn=4[-1-110],B=[10],[01],D=[0]andn=2

ForN=2n=2, the matrixQCcQc will be
Qc=[BABI]Qc=[BAB]

We will get the product of matrices A and B
as,

AB=[-11]AB=[-11]
=Qc=[10-1E>Qc=[1-101]
|Qc|=1#£Mc|=1£0

Since the determinant of matrix QcQc is not equal to zero, the given control system is controllalfy
For n=2n=2, the matrix QoQo will be -
Qo=[CTATCTRo=[CTATCT]

Here,

AT=[-1-110]andCT=[0AJr=[-11-10]andCT=[01]

We will get the product of matricd TAT and CTCT as
ATCT=[10ATCT=[10]

=Q0=[0116$Q0=[0110]
=|Qo|=-1#0IQo|=-1#0

Since, the determinant of matrix QoQo is not equal to zero, the given control system is observaj

Therefore, the given control system is both controllable and observable.

obse
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ROOT LOCUS

The root locus is a graphical representationin s-domain and it is symmetrical about
the real axis. Because the open loop poles and zeros exist in the s-domain
having the values either as real or as complex conjugate pairs. In this chapter,

let us discuss how to construct drawdraw the root locus.

Rules for Construction of Root Locus

Follow these rules for constructing a root locus.

Rule 1 - Locate the open loop poles and zeros in the ‘s’ plane.
Rule 2 - Find the number of root locus branches.

We know that the root locus branches start at the open loop poles and end at open

loop zeros. So, the number of root locus branches N is equal to the number of finite
open loop poles P or the number of finite open loop zeros Z, whichever is greater.

Mathematically, we can write the number of root locus branches N as
N=PN=P if P>ZP>Z

N=ZN=Z if P<ZP<Z

Rule 3 - Identify and draw the real axis root locus branches.

If the angle of the open loop transfer function at a point is an odd multiple of 1800,

then that point is on the root locus. If odd number of the open loop poles and zeros
exist to the left side of a point on the real axis, then that point is on the root locus

branch. Therefore, the branch of points which satisfies this condition is the real axis ¢
the root locus branch.

Rule 4 - Find the centroid and the angle of asymptotes.

g If P=ZP=Z, then all the root locus branches start at finite open loop poles and
g €nd at finite open loop zeros.
If P>ZP>Z , then ZZ number of root locus branches start at finite open loop polg$
and end at finite open loop zeros and P-ZP-Z number of root locus branches
start at finite open loop poles and end at infinite open loop zeros.




g If P<ZP<Z , then P number of root locus branches start at finite open loop
poles and end at finite open loop zeros and Z-PZ-P number of root locus
branches start at infinite open loop poles and end at finite open loop zeros.

So, some of the root locus branches approach infinity, when P£ZP#Z. Asymptotes gi le
the direction of these root locus branches. The intersection point of asymptotes or}

the real axis is known as centroid.
We can calculate the centroid a by using this formula,

0=y Realpartoffiniteopenlooppoles-y Realpartoffiniteopenloopze@si-Realpartoffiniteopenlooppoles—3 Realpartoffiniteopenlo
opzerosP-Z

The formula for the angle of asymptotes 0 is
6=(20+1)1800P-26=(2q+1)1800P-Z

Where,

9=0,1,2,....,(P-2)-1g=0,1,2, ...,(P-2)-1
Rule 5 - Find the intersection points of root locus branches with an imaginary axis.

We can calculate the point at which the root locus branch intersects the imaginary ax|p
and the value of K at that point by using the Routh array method and special case iiii

g If all elements of any row of the Routh array are zero, then the root

g locus branch intersects the imaginary axis and vice-versa.
Identify the row in such a way that if we make the first element as zero,
then the elements of the entire row are zero. Find the value of K for this
combination.

0 Substitute this K value in the auxiliary equation. You will get the
intersection point of the root locus branch with an imaginary axis.

Rule 6 - Find Break-away and Break-in points.

If thiere exists a real axis root locus branch between two open loop poles,
theﬁl there will be a break-away point in between these two open loop poles.
If there exists a real axis root locus branch between two open loop zeros,
then there will be a break-in point in between these two open loop zeros.

Note — Break-away and break-in points exist only on the real axis root locus branchef

Follow these steps to find break-away and break-in points.




Write KK in terms of ss from the characteristic equation 1+G{s)&(s)H(s)=0.
Differentiate KK with respect to s and make it equal to zero. Substitute
these values of ss in the above equation.

The values of ss for which the KK value is positive are the break points.

oo

Rule 7 - Find the angle of departure and the angle of arrival.

The Angle of departure and the angle of arrival can be calculated at complex
conjugate open loop poles and complex conjugate open loop zeros respectively.

The formula for the angle of departure ¢pddd is
$d=1800-¢pdd=1800-¢
The formula for the angle of arrival dada is
$a=1800+dda=1800+d
Where,
O=3dP-3 ¢y dP-3¢Z
Example

Let us now draw the root locus of the control system having open loop transfer
function, G(s)H(s)=Ks(s+1)(s+5)G(s)H(s)=Ks(s+1)(s+5)

Step 1 - The given open loop transfer function has three poles

at s=0,s=-1s=0,s=-1 and s=-5s=-5. It doesn’t have any zero. Therefore, the numbe
locus branches is equal to the number of poles of the open loop transfer function.

N=P=3N=P=3

|
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Not a Root Locus Branch

The three poles are located are shown in the above figure. The line segment
between s=—1s=-1 and s=0s=0 is one branch of root locus on real axis. And the othg
branch of the root locus on the real axis is the line segment to the left of s=—5s=-5.

Step 2 - We will get the values of the centroid and the angle of asymptotes by using
the given formulae.
Centroid a=—20=-2

The angle of asymptotes are 8=600,18000=600,1800 and 30003000.

The centroid and three asymptotes are shown in the following figure.




Asymptote with 60%angle

Asymptote with 180%angle

—

7as : e K
-5 -1
Centroid=-2

Asymptote with 300%angle

Step 3 - Since two asymptotes have the angles of 600600 and 30003000,
using the Routh array
method and special caseiiii, the root locus branches intersects the imaginary

two root locus branches intersect the imaginary axis. By

axis at j5—Vj5 and —j5—/—j5.

There will be one break-away point on the real axis root

of break-away point, we will get it as s=-0.473s=-0.473.

The root locus diagram for the given control system is shown in the following

figure.

locus branch between
g}ﬁcﬁglt%ns:—ls:—land s=0s=0. By following the procedure given for the




Break away
point=-0.473

VAN -
L o
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In this way, you can draw the root locus diagram of any control system and observe
the movement of poles of the closed loop transfer function.

From the root locus diagrams, we can know the range of K values for different types
of damping.
Effects of Adding Open Loop Poles and Zeros on Root Locus

The root locus can be shifted in ‘s’ plane by adding the open loop poles and the ope|
loop zeros.

a

If we include a pole in the open loop transfer function, then some of root
locus branches will move towards right half of ‘s’ plane. Because of this, the

damping ratio 80 decreases. Which implies, damped frequency wdwd increase$

and the time domain specifications like delay time tdtd, rise time trtr and peak
time tptp decrease. But, it effects the system stability.

If we include a zero in the open loop transfer function, then some of root locus
branches will move towards left half of ‘s’ plane. So, it will increase the
control system stability. In this case, the damping ratio dd increases. Which
implies, damped frequency wdwd decreases and the time domain specificationf
like delay time tdtd, rise time trtr and peak time tptp increase.




So, based on the requirement, we can include the open loop poles or zeros to the
transfer function.

UNIT 4
FREQUENCY RESPONSE ANALYSIS

The response of a system can be partitioned into both the transient responseand the steady stg

response. We can find the transient response by using Fourier integrals. The
steady state response of a system for an input sinusoidal signal is known as the
frequency response. In this chapter, we will focus only on the steady state
response.

If a sinusoidal signal is applied as an input to a Linear Time-Invariant (LTI) system,

then it
B[ﬁ)gm:es the steady state output which is also a sinusoidal signal. The input and

sinusoidal signals have the samé& }eéﬁ'er{g)o%ﬁ )dﬁgre(r(ﬁ) Pnplitudes and phase angles.

TBetReSAJGEIGrRgier-function will be —
G(s)=G(jw)G(s)=G(jw)

We can represent G(jw)G(jw) in terms of magnitude and phase as shown below.
G(jw)=|G(jw)| £ G(jw)G(jw)=|G(jw)| £ G(jw)

Substitute, w=w0w=w0 in the above equation.
G(jw0)=|G(jw0)| £ G(jw0)G(jw0)=|G(jw0)| £ G(jw0)

The output signal is
c(t)=A|G(jw0)|sin(w0t+ L G(jw0))c(t)=A|G(jw0)|sin(wOt+ L G(jw0))

g The amplitudeof the outputsinusoidalsignalisobtainedbymultiplyingtheamplitudeoftheinputsinusoidalsignal
and themagnitude 065 (je) G (juat W=w0wW=w0
O The phaseofthe outputsinusoidalsignalisobtainedbyaddingthephaseoftheinputsinusoidalsignalandthephase
of G(Jw)G(joyt w=w0w=w0
Where,
O A isthe amplitude of the input sinusoidal signal.
0 w4s angularfrequency ofthe inputsinusoidalsignal.
We can write, angular frequency wOw0 as shown below.
w0=21f0w0=21f0

Here, fO is the frequency of the input sinusoidal signal. Similarly, you can follow the same
procedure for closed loop control system.
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Freqguency Domain Specifications

Thefrequencydomain specifications areresonant peak, resonant frequency and bandwidth.
Consider thetransfer functionof the secondorder closed loop control system as,
T(s)=C(s)R(S)=w2ns2+20wns+w2nT(s)=C(s)R(S)=wn2s2+2dwns+wn2
Substitute, s=jws=jw in the above equation.
T(w)=w2n(jw)2+20wn(jw)+w2nT(jw)=wn2(jw)2+2dwn(jw)+wn2
2T(W)=w2N-w2+2jdwWwwn+w2n=w2nw2n(1-w2w2n+2jdwwn)=T(jw)=wN2-w2+2jdwwn+wn2§

jdwwn)
2T(w)=1(1-w2w2n)+j(20wwn)=T(jw)=1(1-w2wn2)+j(20wwn)

Let, wwn=uwwn=u Substitute this value in the above equation.
T(w)=1(1-u2)+j(20u)T(jw)=1(1-u2)+j(28u)

Magnitude of T(jw)T(jw) is -
M=|T(jw)|=1(1-u2)2+(20u)2—————————————— VM=|T(jw)|=1(1-u2)2+(25u)2

Phase of T(jw)T(jw) is -
ZLT(jw)=—tan-1(20ul-u2) L T(jw)=—tan-1(20ul-u2)

Resonant Frequency
It is the frequency at which the magnitude of the frequency response has peak value for the first

time. It is denoted by wrwr. At w=wrw=wr, the first derivate of the magnitude of T(jw)T(jw) is ze[Hd.

Differentiate MM with respect to uu. dMdu=-12[(1-u2)2+(20u)2]-32[2(1-u2)(-2u)+2(2du)
(20)]dMdu=-12[(1-u2)2+(28u)2]-32[2(1-u2)(-2u)+2(
25u)(25)]

don2¢

=dMdu=-12[(1-u2)2+(26u)2]-32[4u(u2-1+2462)]=dMdu=-12[(1-u2)2+(20u)2]-32[4u(u2{}+2d=

Substitute, u=uru=ur and dMdu==0dMdu==0 in the above equation.
0=-12[(1-u2r)2+(25ur)2]-32[4ur(u2r-1+2562)]0=-12[(1-ur2)2+(2dur)2]-32[4ur(ur2—1+2p
=4ur(u2r-1+262)=0=4ur(ur2-1+2562)=0

=u2r-1+262=0=ur2-1+262=0
=u2r=1-262=ur2=1-2542
=ur=1-262-—--—- V=ur=1-252

Substitute, ur=wrwnur=wrwn in the above equation.
wron=1-262-————- Vorwn=1-252

=>wr=wnl-262-————- V=>wr=wnl-2562




Resonant Peak

It is thepeak (maximum) value of the magnitude of T(jw)T(jw). It is denoted by MrMr.
At u=uru=ur, the Magnitude of T(jw)T(jw) is -

Mr=1(1-u2r)2+(20ur)2——————====————— VMr=1(1-ur2)2+(2dur)2
Substitute, ur=1-262—————- Vur=1-232 and 1-u2r=2521-ur2=252 in the above equation.
Mr=1(282)2+(261-2562—————- V)2————— VMr=1(252)2+(261-252)2
=>Mr=1251-62----- V=>Mr=12561-562

Resonant peak in frequency response corresponds to the peak overshoot in the time doms

transient response for certain values of damping ratio 6. So, the resonant peak and peg

overshoot are correlated to each other.

Bandwidth

It is the range of frequencies over which, the magnitude of T(jw)T(jw) drops to 70.7% from its
zero frequency value.
At w=0w=0, the value of uu will be zero.
Substitute, u=0u=0 in M.
M=1(1-02)2+(256(0))2———————————————— V=1M=1(1-02)2+(25(0))2=1

Therefore, the magnitude of T(jw)T(jw) is one at w=0w=0.
Aequensy, the magnitude of T(jw)T(jw) will be 70.7% of magnitude
of T(jw)T(jw) at w=0w=0.
i.e., at w=wB,M=0.707(1)=12Vw=wB,M=0.707(1)=12
=>M=12—-V=1(1-u2b)2+(20ub)2—————————————— V=>M=12=1(1-ub2)2+(25ub)?2
=2=(1-u2b)2+(20)2u2b=2=(1-ub2)2+(25)2ub2
Let, u2b=xub2=x
=2=(1-x)2+(20)2x=>2=(1-x)2+(28)2x
2X2+(402-2)x-1=0=x2+(402-2)x-1=0

=X=—(452-2)+(482-2)2+4~—————————— V2ooX=—(4052-2)+(452-2)2+42

Consider only the positive value of x.

x=1-282+(2062-1)2+1——————————- Vx=1-282+(2562-1)2+1
=x=1-202+(2-402+484)———————————— V=x=1-202+(2-452+404)
Substitute, x=u2b=w2bw2nx=ub2=wb2wn?2
w2bw?2n=1-282+(2-402+464)———————————- Vwb2wn2=1-202+(2-452+454)
=wb=wn1-2562+(2-402+464)-——————————— Vo V=>wb=wn1-252H

2+404)
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Bandwidth wbwb in the frequency response is inversely proportional to the riseitirtieetr
time domain transient response.

BODE PLOT

The Bode plot or the Bode diagram consists of two plots -

O Magnitude plot
O Phase plot

In both the plots, x-axis represents angular frequency (logarithmic scale). Whereas, yaxis
represents the magnitude (linear scale) of open loop transfer function in the magnitude plot ang
the phase angle (linear scale) of the open loop transfer function in the phase plot.

The magnitude of the open loop transfer function in dB is -
M=20log|G(jw)H(jw)|M=20log|G(jw)H(jw)|
The phase angle of the open loop transfer function in degrees is -
=2 G(jw)H(jw)p=£LG(jw)H(jw)

Note - The base of logarithm is 10.

Basic of Bode Plots

The following table shows the slope, magnitude and the phase angle values of the terms presegp
in the open loop transfer function. This data is useful while drawing the Bode plots.

Type G(jow)H(jw) Slope(dB Magnitude (dB) Phase angle(degrees)
of Idec)

term

Const KK 00 20logK20logk 00
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Consider the open loop transfer function G(s)H($&ki(s)=K
Magnitude M=20logkM=20logK dB

Phase angle $=0¢=0 degrees

If K=1K=1, then magnitude is 0 dB.
If K>1K>1, then magnitude will be positive.
If K<1K<1, then magnitude will be negative.
The following figure shows the corresponding Bode plot.
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The magnitude plot is a horizontal line, which is independent of frequency. The 0 dB line
itself is the magnitude plot when the value of K is one. For the positive values of K, the
horizontal line will shift 20logK20logK dB above the 0 dB line. For the negative values of
K, the horizontal line will shift 20logK20logK dB below the 0 dB line. The Zero degrees
line itself is the phase plot for all the positive values of K. Consider the open loop
transfer function G(s)H(s)=sG(s)H(s)=s. Magnitude M=20logwM=20logw dB Phase
angle $=900$=900 At w=0.1w=0.1 rad/sec, the magnitude is -20 dB. At w=1w=1
rad/sec, the magnitude is 0 dB. At w=10w=10 rad/sec, the magnitude is 20 dB. The
following figure shows the corresponding Bode plot.
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Nine, nvhgritisdeapioy asstope of 20 dB/dec. This line started

at w=0.1w=0.1 rad/sec having a magnitude of -20 dB and it continues on the same slope. It is
touching 0 dB line at w=1w=1 rad/sec. In this case, the phase plot is 900 line.

Consider the open loop transfer function G(s)H(s)=1+stG(s)H(s)=1+sT.

Magnitude M=20logl+w212——————- VYM=20log1+w?212 dB

Phase angle ¢=tan-1lwtd=tan—-1wt degrees

For w<ltw<1t, the magnitude is 0 dB and phase angle is 0 degrees.

For w>1tw>1t1, the magnitude is 20logwt20logwTt dB and phase angle is 900.

The following figure shows the corresponding Bode plot.
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The magnitude plot is having magnitude of 0 dB upto w=1tw=1t rad/sec. From
w=1tw=1t rad/sec, it is having a slope of 20 dB/dec. In this case, the phase plot is
having phase angle of 0 degrees up to w=1tw=1t rad/sec and from here, it is having
phase angle of 900. This Bode plot is called the asymptotic Bode plot. As the
magnitude and the phase plots are represented with straight lines, the Exact Bode plots
resemble the asymptotic Bode plots. The only difference is that the Exact Bode plots will
have simple curves instead of straight lines.

Similarly, you can draw the Bode plots for other terms of the open loop transfer function

which

Redes ifoe @enstruction of Bode Plots

Follow these rules while constructing a Bode plot.

O Representthe openlooptransfer functionin the standardtimeconstantform.

O Substitutes=j(.05=jﬁ;dthe above equation.
O Findthe corner frequencies and arrangethem in ascending order.
O Consider the starting frequency of the Bode plot as 1/10th of the minimum corner frequency or 0.1 rad/sec whichever i

smaller value and draw the Bode plot upto 10 times maximum corner frequency.




g Draw the magnitude plots for each term and combine these plots properly.

O Draw the phase plots for each term and combine these plots properly.

Note — The corner frequency is the frequency at which there is a change in the slope of th§

magnitude plot.

Example

Consider the open loop transfer function of a closed loop control system
G(s)H(s)=10s(s+2)(s+5)G(s)H(s)=10s(s+2)(s+5)

Let us convert this open loop transfer function into standard time constant form.
G(s)H(s)=10s2(s2+1)5(s5+1)G(s)H(s)=10s2(s2+1)5(s5+1)
=G(s)H(s)=s(1+s2)(1+s5)=>G(s)H(s)=s(1+s2)(1+Ss5)

So, we can draw the Bode plot in semi log sheet using the rules mentioned earlier.

Stability Analysis using Bode Plots

From the Bode plots, we can say whether the control system is stable, marginally stable o
unstable based on the values of these parameters.

O Gain cross over frequency and phase cross over frequency

O Gain margin and phase margin

Phase Cross over Frequency

The frequency at which the phase plot is having the phase of -1800 is known as phase cra
over frequency. It is denoted by wpcwpc. The unit of phase cross over frequency is radls

Gain Cross over Frequency

1§

cross over frequency. It is denoted by wgcwgc. The unit of gain cross over frequency is rad/

The frequency at which the magnitude plot is having the magnitude of zero dB is known as gaiF

The stability of the control system based on the relation between the phase cross over frequenfiy

and the gain cross over frequency is listed below.

g !fthe phase cross over frequer@pPCcwpc is greater than the gain cross over frequency wgcwgg
system is stable.

U if the phase cross over frequerpcwpc is equal to the gain cross over frequency wgcwgc, then
is marginally stable.
If the phase cross over frequer@PCWPC is less than the gain cross over frequency wgcwgc, then
is unstable.

Gain Margin

Gain margin GMsMm is equal to negative of the magnitude in dB at phase cross over frequency.
GM=20log(1Mpc)=20logMpcGM=20log(1Mpc)=20logMpc

then
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Where, MpcMpc is the magnitude at phase cross over frequency. The unit of gain margin (GM)
is dB.
Phase Margin

The formula for phase margin PMPM is
PM=1800+¢gcPM=1800+¢gc

Where, dgcdgc is the phase angle at gain cross over frequency. The unit of phase margin

is degrees.
The stability of the control system based on the relation between gain margin and phase margin
is listed below.

g If both the gain margin GMGM and the phase margin PMPM are positive, then the controff syste

H If both the gain margin GMGM and the phase margin PMPM are equal to zero, then the qpntrol
is marginally stable.

If the gain margin GMGM and / or the phase margin PMPM are/is negative, then the confidl sys

POLAR PLOT

In the previous chapters, we discussed the Bode plots. There, we have two separate
plots for both magnitude and phase as the function of frequency. Let us now discuss
about polar plots. Polar plot is a plot which can be drawn between magnitude and
phase. Here, the magnitudes are represented by normal values only.

The polar form of G(jw)H(jw)G(jw)H(jw) is
G(jw)H(jw)=|G(jw)H(jw)| £ G(jw)H(jw)G(jw)H(jw)=IGC(jw)H(jw)| £ G(jw)H(jw)
The Polar plot is a plot, which can be drawn between the magnitude and the phase angle

of G(jw)H(jw)G(jw)H(jw) by varying ww from zero to «. The polar graph sheet is shown in the
following figure.
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This graph sheet consists of concentric circles and radial lines. The concentric circles
and the radial lines represent the magnitudes and phase angles respectively. These
angles are represented by positive values in anti-clock wise direction. Similarly, we can
represent angles with negative values in clockwise direction. For example, the angle
2700 in anti-clock wise direction is equal to the angle —900 in clockwise direction.

Rules for Drawing Polar Plots
Follow these rules for plotting the polar plots.

g Substitute, s=jws=jw in the open loop transfer function.
Write the expressions for magnitude and the phase of G(jw)H(jw)G(jw)H(jw).

0
0
O starts with this magnitude and the phase angle.
0

ends with this magnitude and the phase angle.

Check whether the polar plot intersects the real axis, by making the imaginary term
of G(jw)H(jw)G(jw)H(jw) equal to zero and find the value(s) of ww.

Find the starting magnitude and the phase of G(jw)H(jw)G(jw)H(jw) by substituting w=0¢}

Find the ending magnitude and the phase of G(jw)H(jw)G(jw)H(jw) by substituting w=cw

0. S




g Check whether the polar plot intersects the imaginary axis, by making real term of G(jw)H[|w)G

0 zero and find the value(s) of ww.

For drawing polar plot more clearly, find the magnitude and phase of G(jw)H(jw)G(jw)H(j4p) by ¢

other value(s) of ww.

Example
Consider the open loop transfer function of a closed loop control system.

G(s)H(s)=5s(s+1)(s+2)G(s)H(s)=5s(s+1)(s+2)

Let us draw the polar plot for this control system using the above rules.
Step 1 - Substitute, s=jws=jw in the open loop transfer function.
G(w)H(jw)=5j0(jw+1)(jw+2)G(jw)H(jw)=5jw(jw+1)(jw+2)
The magnitude of the open loop transfer function is
M=5w(w2+1-———- V)(Ww2+4————- VIM=5w(w2+1)(w2+4)

The phase angle of the open loop transfer function is
$=-900-tan-1w-tan-1w2¢$=-900-tan-1w-tan-1w?2

Step 2 - The following table shows the magnitude and the phase angle of the open loop transfg

function at w=0w=0rad/sec andw=cw=crad/sec.

Frequency (rad/sec) Magnitude Phase angle(degrees)
0 co -90 or 270
) 0 -270 or 90

So, the polar plot starts at («,-900) and ends at (0,-2700). The first and the second
terms within the brackets indicate the magnitude and phase angle respectively.

Step 3 - Based on the starting and the ending polar co-ordinates, this polar plot will

intersect
g}el%gative real axis. The phase angle corresponding to the negative real axis is —1800

. . functipn, we i
58 FRLE BRI 430 PRESS FEIR s, SRS RSRter e upation MEFIRRL Wrdl s,
186 avel the polar coordinate is (0.83,-1800).
&0, geet o Wrawahe pel@—pM2t with the above information on the polar graph sheet.
By substituting w=2—vw=2 in the. magnitude of the open loop transfer
NYQUIST PLOT




Nyquist plots are the continuation of polar plots for finding the stability of the closed loop
control systems by varying w from —o to . That means, Nyquist plots are used to draw thi¢
complete frequency response of the open loop transfer function.

Nyquist Stability Criterion

The Nyquist stability criterion works on the principle of argument. It states that if there are P
pies and Z zeros are enclosed by the ‘s’ plane closed path, then
corresponding G(s)H(s)G(s)H(s) plane must encircle the origin P-ZP-Ztimes. So, we can write
the number of encirclements N as,

N=P-ZN=P-Z

0 !fthe enclosed ‘s’ plane closed path contains only poles, then the direction of the encirclement in
the G(s)H(s)G(s)H(s) plane will be opposite to the direction of the enclosed closed path iff the *

If the enclosed ‘s’ plane closed path contains only zeros, then the direction of the encirclement in
the G(s)H(s)G(s)H(s) plane will be in the same direction as that of the enclosed closed pHth in

Let us now apply the principle of argument to the entire right half of the ‘s’ plane by selecting it
as a closed path. This selected path is called the Nyquistcontour.

We know that the closed loop control system is stable if all the poles of the closed loop transfelf

function are in the left half of the ‘s’ plane. So, the poles of the closed loop transfer function are
nothing but the roots of the characteristic equation. As the order of the characteristic equatiof
increases, it is difficult to find the roots. So, let us correlate these roots of the characteristid
equation as follows.

O The Poles of the characteristic equation are same as that of the poles of the open loop transfer function.

O The zeros of the characteristic equation are same as that of the poles of the closed loop transfer function.

We know that the open loop control system is stable if there is no open loop pole in the
the right half of the ‘s’ plane.

l.e.,P=0=N=-ZP=0—=>N=-Z
Wg Jfé‘r?tw that the closed loop control system is stable if there is no closed loop pole in

half of the ‘s’ plane.

i.e.,Z=0=>N=PZ=0=>N=P
H)icjl&ist stability criterion states the number of encirclements about the critical point

must be equal to the poles of characteristic equation, which is nothing but the poles of
the open

%I@S%WB%WIWQ'QNWGT% plw The shift in origin to (1+j0) gives
ERARGGRSIC ARAHIPRIANR) the Nyquist plots.

g Locate the poles and zeros of open loop transfer function G(s)H(s)G(s)H(s) in ‘s’ plane.




g Draw the polar plot by varying ww from zero to infinity. If pole or zero present at s = 0, tijgn va

infinity for drawing polar plot.
g Draw the mirror image of above polar plot for values of ww ranging from —o to zero (0 if
s=0).
g The number of infinite radius half circles will be equal to the number of poles or zeros at origin. The infinite radius

half circle will start at the point where the mirror image of the polar plot ends. And this infinite radius half circle will
end at the point where the polar plot starts.

After drawing the Nyquist plot, we can find the stability of the closed loop control system
using the Nyquist stability criterion. If the critical point (-1+j0) lies outside the
encirclement, then the closed loop control system is absolutely stable.

Stability Analysis using Nyquist Plots

From the Nyquist plots, we can identify whether the control system is stable, marginally stable
or unstable based on the values of these parameters.

g Gain cross over frequency and phase cross over frequency
O Gain margin and phase margin

Phase Cross over Frequency

The frequency at which the Nyquist plot intersects the negative real axis (phase angle is 1800)||

known as the phase cross over frequency. It is denoted by wpcwpc.

Gain Cross over Frequency
The frequency at which the Nyquist plot is having the magnitude of one is known as the gain

cross over frequency. It is denoted by wgcwgc.
The stability of the control system based on the relation between phase cross over frequency
and gain cross over frequency is listed below.

HNY [

g If the phase cross over frequer@pPcwpc is greater than the gain cross over frequency wgcwgcl|then

system is stable.

O if the phase cross over frequerpcwpc is equal to the gain cross over frequency wgcwgc, then {he co

0 is marginally stable.

If phase cross over frequeno§dPCWPC IS less than gain cross over frequency wgcwgc, then thg
is unstable.

Gain Margin

The gain margin GMGM is equal to the reciprocal of the magnitude of the Nyquist plot at the
phase cross over frequency.

GM=1MpcGM=1Mpc
Where, MpcMpc is the magnitude in normal scale at the phase cross over frequency.
Phase Margin

The phase margin PMPM is equal to the sum of 1800 and the phase angle at the gain cross ovg
frequency.

Contl




PM=1800+¢gcPM=1800+¢gc

Where, ¢gcdgc is the phase angle at the gain cross over frequency.
The stability of the control system based on the relation between the gain margin and the phasq
margin is listed below.

g Ifthegainmargin GMGM is greater than one and the phase margin PMPMis positive, then i cot
is stable. . . .
If thegainmargin GMGM is equal to one and the phase margin PMPM is zero degrees, therfjthe ¢

0 is marginallystable.
If thegainmargin GMGM is less than one and / or the phase margin PMPMis negative, thenlfihe cc

is unstable.

CONTROL SYSTEMS - COMPENSATORS

There are three types of compensators — lag, lead and lag-lead compensators. These are mog{
commonly used.

Lag Compensator

The Lag Compensator is an electrical network which produces a sinusoidal output having the
phase lag when a sinusoidal input is applied. The lag compensator circuit in the ‘s’ domain ig
shown in the following figure.

AN
+ R, +

v;(S) Va(s)

Here, the capacitor is in series with the resistar2Rihd the output is measured across this

combination.
The transfer function of this lag compensator is -

Vo(s)Vi(s)=1a(s+1ts+lag)Vi(s)=1la(s+1ts+1ar)

Where,




1=R2Ct=R2C
0=R1+R2R20=R1+R2R2

From the above equation, aa is always greater than one.

From the transfer function, we can conclude that the lag compensator has one pole
at s=—1lats=-1at and one zero at s=-11s=-11 . This means, the pole will be nearer to origin |
pole-zero configuration of the lag compensator.
Substitute, s=jws=jw in the transfer function.

Vo(jw)Vi(jw)=1la(jw+1tjw+lat)Vo(jw)Vi(jw)=la(jw+1tjw+1lar)
Phase angle ¢=tan-lwt-tan-lowtdp=tan-lwi-tan—-loawt
We know that, the phase of the output sinusoidal signal is equal to the sum of the phase angles
of input sinusoidal signal and the transfer function.

So, in order to produce the phase lag at the output of this compensator, the phase angle of the
transfer function should be negative. This will happen when a>1a>1.

Lead Compensator

The lead compensator is an electrical network which produces a sinusoidal output having phagp

lead when a sinusoidal input is applied. The lead compensator circuit in the ‘s’ domain is showr
in the following figure.

1/sC

vi(s) Bz v, (s)

Here, the capacitor is parallel to the resistor R1R1 and the output is measured across resisfyr

$R_2.
The transfer function of this lead compensator is -

Vo(s)Vi(s)=B(st+1pst+1)Vo(s)Vi(s)=B(st+1pst+1)

Where,
=R1C1=R1C

the




B=R2R1+R2pB=R2R1+R2

From the transfer  function, we can conclude that the lead compensator has pole

at s=—13s=-1f3 and zero at s=—1pts=-1pT.

Substitute, s=jws=jw in the transfer function.
Vo(jJw)Vi(jw)=LR(jowt+1Bjwt+l)Vo(jw)Vi(jw)=B(wt+1pjwT+l)

Phase angle ¢=tan-lwt-tan-1pwidp=tan-1lwi-tan-1pwt

We know that, the phase of the output sinusoidal signal is equal to the sum of the phase anglffs
of input sinusoidal signal and the transfer function.

So, in order to produce the phase lead at the output of this compensator, the phase angle of {he
transfer function should be positive. This will happen when 0<3<10<p<1. Therefore, zero will b§
nearer to origin in pole-zero configuration of the lead compensator.

Lag-Lead Compensator

Lag-Lead compensator is an electrical network which produces phase lag at one frequency

region and phase lead at other frequency region. It is a combination of both the lag and the ledHi
compensators. The lag-lead compensator circuit in the ‘s’ domain is shown in the following
figure.

1/SC1

al
=

R,

v;(S) 1 L Vﬂ(s)

T

This circuit looks like both the compensators are cascaded. So, the transfer function of this
circuit will be the product of transfer functions of the lead and the lag compensators.

Vo(s)Vi(s)=B(stl+1pstl+1)la(s+1t2s+1at2)Vo(s)Vi(s)=p(stl+1Bstl+1)la(s+112s+1atp

We know af=1ap=1.
=Vo(s)Vi(s)=(s+11ls+1p1l)(s+112s+1a12)=>Vo(s)Vi(s)=(s+11ls+1p1l)(s+112s+10TH




Where,
11=R1Cd=R1C1
12=R2C2

UNIT 5
CONTROL SYSTEMS - STATE SPACE MODEL

The state space model of Linear Time-Invariant (LTI) system can be represented as,
X =AX+BUX =AX+BU
Y=CX+DUY=CX+DU

The first and the second equations are known as state equation and output equation respectivejl.
Where,

X andX X are thestate vectorand thedifferentialstatevectorrespectively.
U and Y areinput vector andoutput vectorrespectively.

A is the system matrix.
B and C are the input and the output matrices.

D is the feed-forward matrix.

O O O Oond

Basic Concepts of State Space Model

The following basic terminology involved in this chapter.

State

It is a group of variables, which summarizes the history of the system in order to predict the
future values (outputs).

State Variable

The number of the state variables required is equal to the number of the storage elements
present in the system.

Examples — current flowing through inductor, voltage across capacitor

State Vector
It is a vector, which contains the state variables as elements.




In the earlier chapters, we have discussed two mathematical models of the control
systems. Those are the differential equation model and the transfer function model.
The state space model can be obtained from any one of these two mathematical
models. Let us now discuss these two methods one by one.

State Space Model from Differential Equation

Consider the following series of the RLC circuit. It is having an input voltage, vi(t)vi(t) and the
current flowing through the circuit is i(t)i(t).

i(t) R L
— MAN—E——
+ +
v;(t) vo(t) |- C

There are two storage elements (inductor and capacitor) in this circuit. So, the number

of the state variables is equal to two and these state variables are the current flowing

through the inductor, i(t)i(t) and the voltage across capacitor, vc(t)vc(t). From the

circuit, the output voltage, vO(t)vO(t) is equal to the voltage across capacitor, vc(t)ve(t).
vO(t)=vc(t)vO(t)=vc(t)

Apply KVL around the loop.
vi(t)=Ri(t)+Ldi(t)dt+vec(t)vi(t)=Ri(t)+Ldi(t)dt+vc(t)
=di(t)dt=—Ri(t)L-vc(t)L+vi(t)L=>di(t)dt=—Ri(t)L-vc(t)L+vi(t)L

The voltage across the capacitor is -
ve(t)=1CJi(t)dtvc(t)=1CJi(t)dt

Differentiate the above equation with respect to time.
dvc(t)dt=i(t)Cdvc(t)dt=i(t)C

State vector, X=[i(t)vc(t)]X=[i(t)vc(t)]
Differential state vector, X =F|di(t)dtdvc(t)dt] X =[di(t)dtdvc(t)dt]
We can arrange the differential equations and output equation into the standard form of state
space model as,
X' =F|di(t)dtdve(t)dt]]=[-RL1C-1LO][i(t)ve(t)]+[1LO][vi(t)]X =[di(t)dtdvc(t)dt]=[-RL-1L1CO][i(t)vc(t
)]
Y=[01][i(t)ve()]Y=[01][i(t)ve(D)]

WL




Where,
A=[-RrL1c10],B=[ 11.0],C=[01]andD=[0}=[-RL-1L1C0],B=[1L0],C=[01]andD=[0]

State Space Model from Transfer Function

Consider the two types of transfer functions based on the type of terms present in the numeratag

g Transfer function having constantterminNumerator.

0 Transfer function having polynomial function of ‘s’ in Numerator.

Transfer function having constant term in Numerator
Consider the following transfer function of a system

s> — bo

Us) ~ sn+an—Isn+l+als+a0

Rearrange, the above equation as
(8" +a,_18" "+...4ap)Y(s) = bU(s)

Apply inverse Laplace transform on both sides.

dzit) i %—I—. ooy di’f} + agy(t) = bou(t)
Let
y(t) = =
dy(t)
T
i




dgn—1 Ln = Tp-1
dﬂy[t} o
—df."' = Jdp
and u(t) = u
Then,
:i:n + 0y 1T+ ..+ 1T2 + Ty = bl]“

From the above equation, we can write the following state equation.
Ep = —QpT; — ATy —-.. —Qp_ 1Ty + IE."[Ilf':f!'
The output equation is -

y(t) =y=x




The state space model is -

Here, D = [0].

0 I
0 £La
: o i
1 Ln-1
—Gp1d L Ty J
Ty |
L2
: A
Ln-1
Ly

[u]




Example

Find the state space model for the system having transfer function.

Y(s) 1
U(s) s24+s5+1

Rearrange, the above equation as,
(82 + 5+ 1)Y(s) = U(s)
Apply inverse Laplace transform on both the sides.

dy(t) , dy(t)

3 3 Tyt =ult)
Let
y(t) = =

dy(t)

i TR e
and u(t) = u
Then, the state equation is

To=—T1 — Ty +u

The output equation is

y(t) =y =124

The state space model is

il P B R [ R H




Transfer Function from State Space Model

WeknowthestatespacemodelofaLinearTime-Invariant (LTI)system is -
X =AX+BUX =AX+BU
Y=CX+DUY=CX+DU
Apply Laplace Transform on both sides of the state equation.
SX(s)=AX(s)+BU(s)sX(s)=AX(s)+BU(s)
=(sl-A)X(s)=BU(s)=(sI-A)X(s)=BU(s)
=>X(s)=(sI-A)-1BU(s)=>X(s)=(sI-A)-1BU(s)
Apply Laplace Transform on both sides of the output equation.
Y(s)=CX(s)+DU(s)Y(s)=CX(s)+DU(s)
Substitute, X(s) value in the above equation.
=Y(s)=C(sl-A)—-1BU(s)+DU(s)=Y(s)=C(sl-A)—-1BU(s)+DU(s)
=Y(s)=[C(s|-A)-1B+D]U(s)

—C(sI-A)'B+D

The above equation represents the transfer function of the system. So, we can
calculate the transfer function of the system by using this formula for the system
represented in the state space model.

Note — When D=[0]D=[0], the transfer function will be

e - S El=TiE

Y=[0 1] _‘”'}




Example

Let us calculate the transfer function of the system represented in the state

space model as,

Here,

A:[_ll ‘[}1] B:H, C=[0 1] and D=0

The formula for the transfer function when D = [0] is -

Y{(s)
U(s)

—C(sI-A)'B

Substitute, A, B & C matrices in the above equation.

o= 1[4 ][

;o

:}%:[U 1](54_1]5—1(—1) E]
_ Y 0 l]lﬂ -

Uls) B 2+s5+1 s2+s+1

Therefore, the transfer function of the system for the given state space model
Is




State Transition Matrix and its Properties

If the system is having initial conditions, then it will produce an output. Since,
this output is present even in the absence of input, it is called zero input
response Iy [t} Mathematically, we can write it as,

zz1r(t) =" X(0) = L {[SI —A] 1X{0)}
From the above relation, we can write the state transition matrix ¢(¢) as
$(t) =et =L '[s] - A

So, the zero input response can be obtained by multiplying the state transition
matrix ¢(t) with the initial conditions matrix.

Following are the properties of the state transition matrix.

2 If t =0, then state transition matrix will be equal to an Identity
matrix.

#(0) =T

3 Inverse of state transition matrix will be same as that of state
transition matrix just by replcing 't" by *-t".

¢ (t) = o(-1)

2 If £ = ¢y + t» , then the corresponding state transition matrix is equal
to the multiplication of the two state transition matrices at £ = ¢; and

f:tz

O(t1 +1t2) = O(t1)0(t2)




Controllability and Observability

Let us now discuss controllability and observability of control system one by
one.

Controllability

A control system is said to be controllable if the initial states of the control

system are transferred (changed) to some other desired states by a controlled
input in finite duration of time.

We can check the controllability of a control system by using Kalman’'s test.

=2 Write the matrix . in the following form.
Q.=[B AB A’B ... A"'B]

2 Find the determinant of matrix (). and if it is not equal to zero, then
the control system is controllable,

Observability

A control system is said to be observable if it is able to determine the initial

states of the control system by observing the outputs in finite duration of
time.
We can check the observability of a control system by using Kalman’'s test.

= Write the matrix (), in following form.

= [0° AgT APeT . (A

= Find the determinant of matrix @), and if it is not equal to zero, then
the control system is observable.

Example

Let us verify the controllability and observability of a control system which is
represented in the state space model as,

s=[2]=[3 o ][2]+[5]m

Y =[o0 1][$‘}

o




SOLLUTION
-1 -1 1
A_[l D}’ B_L]]’ 0 1],D=[0] and n=2
For n = 2, the matrix @, will be
Q.=[B AB)

We will get the product of matrices A and B as,
—1
AB =
1

==y ]

Qe =1#0

Since the determinant of matrix . is not equal to zero, the given control
system is controllable.

For m — 2, the matrix @, will be -
Q, = :CfT ATC-’T]

Here,

AT:[_I 1] ard CT:[D]
—1 0 1

we will get the product of matrices AT and C7 as

eor- [}
casly

= Qo =—1 #0

Since, the determinant of matrix (), is not equal to zero, the given control
system is observable.

Therefore, the given control system is both controllable and cbservable.







